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ABSTRACT

An znalytical method has been developed to study the steady-state diffraction and
scattering of mono-chromatic Rayleigh waves by shallow circular canyons. The shape of the
canyon can vary from very shallow to semi-circular. The method is besed on mprnmhtlﬁn
of the scattered waves In series of cylindrical wave functions and on appraximation of the
half-space surface by a cylindrical surface of very large radius. Along the canyon bottom
the stresses of the free-field motion are approximated by finite Fourier series to satisfy the
sero-stress boundary condition there. The horisontal and vertical displacement amplitudes
are lilustrated for canyon motion excited by Rayleigh waves with different wave lengths.

INTRODUCTION

The strong earthquake ground motion can be changed significantly by the irregular

. surface topography. When the sise of the irregularities is comparable to or larger than

the wave lenghts of the incident waves diffraction and scattering take place, resulting in
amplification and spatial variation of the incident motion close to the irregularities. In
earthquake engineering and strong motion selsmology numarical methods such as finite
elements, finite differences, boundary integral equation and the method of line sources
have been employed to study these phenomena. (Wong, 1987; Snches-Sesmas, 1879; and
many others). On the other hand only a small nuinber of analytical methods havg been

1) Research Associate
3) Associate Professor



2 Bulletin of the Indian Society of Earthquake Technology, June 1991.

presented. For the scattering and diffractions of plane SH waves from semi-circular and
semi-elliptical canyons (Trifunac, 1973; Wong and Trifunac, 1974) in two-dimensional half-
space and for a semi-spherical canyon (Lee, 1982) in the thres-dimensional half-space.
Recently, an approximate analytical method was developed by Cao and Lee (1089, 1990)
and Lee and Cao (1989) for scattering of plane SH, P and 5V waves from shallow circular
canyons (depth-to-half-width ratio < 1).

The purpose of this paper ia to extend the method of Lee and Cao (1989) to shallow
canyons for incident monochromatic Rayleigh waves. Since a large portion of the distruc-
tive selsmic energy is transmitted to the sites of important structures via surface waves
(Trifunac, 1971), the application of their method to this type of excitation is & useful exten-
sion of their work. The purpose of this paper is also to discuss this analytical method and
to illustrate some results that may help understa.nd the physical phemomenn nssociated
with this problem.

Dynamic response of long structures (dams, bridges) supported by canyon walls, which
move wll:h different amplitudes and out of phase is affected profoundly by the physical
nature of scn.tterlng and diffraction of strong motion near structural foundations. This
was studied by Kojié et al. (1088) for concrete arch dams. They showed that the out of
phue motions of the canyon walls can produce excessive stresses and that such excitations
must be considered in any major analysis of jong earthquake resistant structures. To this
«end, this paper represents a contribution to future imprwement of our capapbilities to
compute the realistic excitation of such long structures. Once the method has been fully
.developed and tested it can easily be generalised to irregular shapes of the canyon walls
(Moeen-Vasiri and Trifunac, 1988a,b),

THE MODEL

The model utudied here consista of & two-dimensional homogeneous and isotropic hdf-
space w:th a circular canyon (Fig. 1). The center and radius of curvature of the cnmn
are at 0; and b, reapectively, and d is the distance from 0, to the half-space surface. The
shear wave velocity, shear modulus and Poisson’s ratio of the half-space are 8,u and v.
The rectangular coordinate sytems z — 0 — #, £y —0; — 2; and z; — O3 — 2 and the polar
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coordinate systems r| — 8 and r; — 83 are used to describe the geometry and to express
the excitation and the scattered waves. The distance between the origins of the two polar
coordinate systems is D.

The in—plm‘diaturbmcies in the elastic half-space can be described by the potentials
¢ and ¢ of the P and § waves, respectively. These have to satisfy the corresponding
two-dimensional wave equations, that in the r; — #; coordinate system have the following

form:
# 18 18 1 8% R
(+siam w5 "
and
# 18 18\, 18
Grtnomtam)-mm (x4

where a = /2(1 ~ v)/(1 — 2v)p is the P-wave velocity in the half-space. In steady-state,
the motion in the half-space can be calculated by superimposing the scattered waves to
the free-field motion, all together satisfying the preséribod boundary conditions. Those

()-@uee e
(1) Q) -

where 7y, T4a, Ty, ¢, and 1, ¢, are the stress components in the half-space. The displacement

conditions are

and

components u, and u,, in the z and in the z directions, respectively, and uy, and ug,, in

the r; and #; directions, cen be calculated from the potentials as follows;

_3 3¢
Y= 9r " Bs . (32)
_ 3 8%
o Bl + Bz (35}
_ 3 . 1%
U =5t 720, (3¢)
and _
=19¢ 3y ¢
ue, = r aﬂl ah ' \3d)
The stresses then can be calculated by differentiation of the displacements, i.e.
du, du, du,
= — 4
Tax A(az +"az)+2“6¢ (4a)
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du, Ju -
Tos = (3: + T) (48)
_ oy [O%e, | U, 13uy du,,
= (G B o T, (4c)
and
‘- [ Buy, g, 1 du,,
e, =8 (_arl " + - Wn . (4“)

where ) is the Lamé constant.

-The Far-field Motion
A monochromatic Rayleigh wave can be represented through its potentials as follows
¢ = Ce M ih(a—ct) {5q)

¥ = De—i:tc-'k(s-ct) (5,,)
where C and D are complex constants, 5, and b; are real and positive constants and k and

¢, both real, are the wave number and the phase velocity of the surface waves propagating
in the positive z-direction. These constants are related as follows

by = kv/1— (c/a)? (6a)
b2 = ky/1 - (c/8)? (65)

and
1
D= 2--—,"“(&’ +)C (7

(Eringen and Juhubi, 1975). The eigenvalues of the phase velocity ¢ satisfy the Rayleigh
equation and have values eg. ¢ = 0.9194f for ¥ = 1/4 and ¢ = 0.9320 for v = 1/3.
The particle motion is elliptical retrograde up to certain depth and then the direction of

rotation changes.
It is convinient to introduce complex angles 8, and 8y defined as follows
.
ﬁa = E’ - l¢¢ (Ba)

8 = % —idg (8b)
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where ¢, and ¢ are real quantities such that.
coshé, — a/c

coshég — B/c.

In terma of those angles
& = Cebr9gikars cos{ty =0, ) ~iwt

and
* = Dehde‘.’fl ce.('; —")—‘U‘

(8¢)
(84)

(9a)

(90)

where &y = w/a and kp = w/f are the wave numbers of the P and § waves in the

half-space, and w is the circular frequency.

The Scattered Waves

The scattered waves will be defined in terms of their P and S-potentials, which can

be represented by Bessel-Fourler series as follows:

¢% =41 + 97

and
¥ = g +9f
where -
o0 .
¢f = ¢IR (rl, ’l ’ t) = Z H,(“)(k,r;) (Aﬁn cos ﬁal + Bﬁn sin nﬂl) 8-‘“‘
nul
‘bln = ¢{‘(r,,01, t) = Z H,(‘l)‘(kprl) (C’ﬁ,l sinnd, + 'Df,n cos nﬁ;)e""‘"
nul
m .
¢§ = ¢¥ (ra,82,t) = E Jnlkars) (A;'.ﬂ cosnfdy + B,’fu sin na,) oWt
n=0
and

o
Vg = g (ra,0a,t) = Z J.(kprg)(c,'f,, sinné; + Df.n cos nﬂz)e""‘" )

n=0

(104}

(106)

{11a) '

(115)

(12a)

(128)
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#¥ and ¢¥f can be transformed into Bessel-Fourier series in the ry — #, coordinate system
and relationships between the coefficients of those series and the ooeﬂeeints of ¢‘ and ¢f
can be established via the application of the addition theorem and the zero-stress condition
on the surface the big circle (Cao/and Lee, 1090).

Solution of the problem

To match the sero-stress ct:;iQdition at r; = b it is necessary first to transform the
far-field motion into a form comﬁ\tible with the. representation of the scattered waves.
Lee and Cao (1980) expanded the ébteutia.l of the inhomogeneous P-wave of the far-field
motion, for incidence beyond critical, at ry = b in finite Fourier series of #;. To achieve
convergence of the series they first modified the potential by asigning to it the value zero
for 5 < 0. Todorovaka and Lee (1901b) found it more appropiate to derive analytically the
strosses and the displacements of the inhomogeneous P wave from its potential and then
to expand those at ry = b in finite Fourier serles of #,. For the same reason, they also
first modified the expressions for the stresses and the displacements by extending those
into the region above the half-space symetrically about #; = +8,, where 8y = cos~1{d/b).
Avoiding the jumps at #; = 1#;, their finite Fourier serics had smalier oscillations and
therefore better represented the quantities that they approximated.

In this papér the procedure of Todorovch and Lee (1991b) was followed. The stresses
of the, free-field motion, 1/ and s/ .O , were derlved from the potentials in equations
(9a,b} by applying the expressions in equations (3c,d} and (4c,d) and then approximated
by

'N . .
frl;-r.; (b ‘h‘) H ( f:.m“‘l + B;:n Siﬂﬂ.[)e-‘w‘ (13“)
II:-O
and "
" " (b b, t) (AB‘.II cosné, + Bg:n sin n‘l) et (13b)
n=0

The stresses of the scattered waves were derived from their potentials following the

same equations for the potential-displacement and displacement-stress relations.

The application of the zero-stress condition at r = b, equation (26), yields the following

systems of equations, wheré'ttle unknowns are the coeflicients of the series expansions of
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$F and ¢f:

- . [ R D o | R .
2;-.{'[:* ) (m,8)} -Rn_.r(o ) R:,.(kg')D)J —lttn{u.llli-;} ( 2-1! ) = ( 33::) n=0,1,2,...
' (14a)
and
gon {mm(- " [ Ry, (k8" ) o | oo V[ B B,
jmo ¥ | 0 (k(.)D)J 19 )9y D;‘; = Ds:n ‘n=,1,2,...
(148)
where

(w) =5 § ° [.r..,,;(w) + (-1)'.:,._.(1:0)] [H,+,(kn) +(-1)7H_; (kD)] (15)

R stands for real part and [£®)(n, r)j3xz has terma

ED(mr) = (a7 1 = ZEIVHO (ar) = korBEY, (ka) (104)
ED(n,r) =4n [——(n + 1) H P (kgr) + kerm,(kgr)J (168)
ED(nr) = %0 [~(0 + DED kar) + kar B, (k)] (16c)
and
E ) = = (0% +n = ZEIOVEO kgr) + kgr B, (kar) . (164)

These infinite systems of equtions are first truncated and then solved numerically. Once
the coefficients {Af,}, {Bf,}, {C].} and {D],} are known the coefficients of 4% and
J{', as well as the overall displacements of the scattered waves can be calculated. If desired,
the response in the time domain can be calculated by the method of Fourier aynt.liull.

RESULTS AND DISCUSSION

Figures 2 through 6 illustrate the displcement amplitudes and phases on the surface of
the half-space and on the canyon bottom for incident Rayleigh waves with unit amplitude

of the horizontal displacement component at £ = 0. The Poisson's ratio is v = 1/3 and Tra

for this value the ratio of the amplitudes of the displacement components of the free-field

.motion at £ = 0 is |u,|/|uz| = 1.58. The solid and the dahed lines are associated with

the horizontal and the vertical displacement components, respectively. The phases have
been shown so that at z = 0 the phase is zero. In Fig. 2,3,4 and § the canyon is shallow
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(h/b = 0.5, where h = b - d id the depth of the canyon) and the dimensioniess frequency
n = 0.25, 0.5, 1 and 1.5. The dimensionless frequency 7 is defined as the utio.between
the width of the canyon and the wave length of the shear waves in the half-space, i.e.
n = 2a/BT where T = 2x/w is the period of the incident waves. In Fig. 6 the canyon is

semi-circular and the frequency n = 2.

The analysis of the results showed that the displacement amplitudes on the bottom
of the canyon are, in general, smaller for deeper than for shallower canyons. This can be
explalned by the decrease of the free-field displacement amplitudes with increasing depth.
This phenomenon is more pronounced for higher frequencies when the decrease with depth
is more rapid. The phases change more rapidly with increuing frequency of the excitation
and jumps are noticed at the points where the displacement amplitudes have local minima.

ThequtlitydtheruultldepmdlmthevﬂueofN,nhichhthehigheltindnln
the trunciated Infinite series and also on the highest index in the finite Fourier series
representing the stresses of the froe-field motion. This is especially the case for higher
viues of 5, wll-en the rate of decay of the free-field motion is higher. Since the finite Fourier
series in equations (13a,b) represent exactly the stresses at 2N equally spaced points on
the circle r; = b and deviate from the exact value of those at the points in between, it is
important that N is chosen such that the points ‘on- the rim of the canyon (z = za) belong
or are close to points of this set. This condition being satisfied, the convergence of the
series representing the scattered waves is faster. For example, for n = 1.6 and h/b = 0.5
even for N = 12 the error due to the truncation can be neglected.

The biggest advantage of this method, relative to the presently available numerical
methods for treatment of the same class of problems, is that it requires simultaneous
soultion of much smallet system of equations. This may increase the upper frequency limit
of it’s applicability and make it more desirable when the response in the time domain is
sought. A disadvantage is that in the form presented in this'paper the method can be
used only for cylindrical canyons. However, because of the flexibility of the depth-to;hnlf-
widht ratio and the gradually decreasing depth near the rimn,'this model may be used
for analysis of realistic shallow canyons. Also, the method can be generalized for jirregular
shape canyons, as discussed in Todorovska and Lee {1991a) and Moeen-Vasiri and Trifunac
fldssa.b). '
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SUMMARY AND CONCLUSIONS

A new analytical method, previously applied to canyona for incident plane monochro-

- matic 8H, P and 8V-waves, was extended here to analyse the scattering of monochromatic

Rayleigh waves from circular two-dimensional canyons. The shape of the canyons can vary
from shallow to semi-circular. Finite Fourier serles were used to approximate the stresses
of the free-field motion along the bottom of the canyon and infinite Fourier-Beasel series to
represent the scattered waves. The analysis of the results showed that displacement am-
plitudes and phases depend strongly on the frequency of the excitation as well as on the
depth of the canyon. This method can be further generalised for irregular shape canyons.
The advantage of this analytical method to the presently available numerical methods is
that is requires solution of much smaller simultaneous systems of equations, which will
increase the frequency limit of ita applicability.
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Incident Raylesgh-wave n=0.25
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Figure 2 The amplitudes and phases of the horisontal and vertical displacement compo-
nentu on the surface of the ¢ ‘I‘h =1 < z/a < 1) and of the half-space (z/a < —1 and
a > 1) versus the dmtmce‘zn}':
the horizontal displacement component l.nd dimensionjess frequenc l{ n = 0.25. The
uaumed Poisson's ratio is v = 1/3 and the ratio between the depth of the canyon and it's
radius of curvatute is h/b = 1/2.

e uci tion is a Raylaigh wave with unit amplitude
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Incident Rayleigh-wave 7 =05

horiz. comp.

....... vert. comp.

phase/x
(@]

2 .22

—4 -

-6 ! ] [ I I ]
-3 -2 -1 s) i 2 3

Figure 3 The ampiitudes and phases of the horisontal and vertical displacement compo-
nents on the surface of the ¢ 1(;-1 < z/a < 1) xnd of the half-space (z/a < —1 and
:[c > 1) versus the distance zja. e axcitation s & Rayleigh wave with unit amplitude

the horisontal displacement component and dimensionless freq n = 0.5. The as-
sumed Polsson's ratic Is v = 1/3 and the ratio between the depth of the canyon and it's
radius of curvatute is A/b = 1/3, '
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Figure4 The amplitudes and phases of the horisontal and vertical displacement compo-
nents on the surface of the canyon (—1 < r/a < 1} and of ihe hailf-space (£fa < ~1 and
z/a > 1) versus the distance z/a. The excitation is & Rayleigh wave with unit amplitude of
the horizontal displacement component and dimenslonless frequency n = 1. The assumed
Poisson’s ratio is & = 1/3 and the ratio between the depth of the canyon and it's radius of
curvatute is A/b = 1/2.
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Incident Rayleigh-wave g =1.5

4.0
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Figure 5 The amplitudes and phases of the horisontal and vertical displacement comipo-
nents on the surface of the on_l[;.l_{_z/as1)mdof’thehtlf-¢pue{=/¢<-1md
:{n > 1} veraus the distance 234. excitation is & Rayleigh wave with unit amplitude

the horisontal displacement component and dimensionless frequency n = 1.5. The as-
sumed Poisson’s ratio is ¥ = 1/3 and the ratio between the depth of the canyon and it’s
radius of curvatute is Afb = 1/2.
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Incident Rayleigh-wave g=2

4,0
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3.0 ' é =
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Figure ¢ The amplitudes and- phases of the horisontal and vertical displacement compo-

nents on the surface of the canyon (-1 < z/d < 1) and of the half-space (z/a < ~1 and

zfa > 1) varsus the distance z/a. The excitation is a Ra: wave with unit axaplitude of

the horisontal displacement component and dimensionless cy n = 2. The assumed

Poisson’s ratio is v = 1/3 and the ratio between the depth of the canyon and it's radivs of
. curvatute is’h/b = 1. :
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