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INTRODUGTION

i

-in prov:dmg post-dlsaster relief to earthquske affecied wmmumties Adsuch, efficient stor-
'~ 8ge schemes and econmical solution techniques for solving suqh problems are of great engin-
eerms mtereet especaally for problems wluch 4re too Targe to fit into present dey computers.

‘I’he skyliné methbd ‘of storage of symmetnc bianded me’mees is dmeuseed sise where
(Bathe and Wilson, 1976). However, such methods are not available for.matrices that are
‘not square. Besides, full advantage of boundary value problems can be realized only if the.
" matrices can be explmﬂy partitioned into submatrices corresponding to interior and boundary
. displacement freedoms. ~ More eeonomleal etorage schemes for square and nonaquere matrices
are desirable, '

For bounda.ry‘value dynamic problems the current day practice obtains the ';m dynamic
response for interior.displagcement freedoms as- the e[gebra:c sum of component responses,
* namely, the ‘peeudostatic and .the balancing dynamic respoase (Clough, 1971; Nair, 1974;
Wolf, 1977). Since component responses are individually of not much interest a method
-directly obtaining the net dynamic response (used in computing stresses and strains of
: engmeering interest) is deslrable

For problems with ill coddmoned matrices, Householder factorization is demable Baut
it increases the demand for central memory of the computer.  Use of square roots in Choleski

‘factorization results into una.ooeptable errors in computéd results, Gaussian elimination

avoids square roots. But it alters the force vector resulting in wastage of computational
effort in certain analyses (Joshi; 1980). A procedure combining advantages (and free from
, disadvantages) of Choleski'and Gaman methods is desirable.

Through out ﬂm preeentation. symbols explained in the Appeadix-A are used. As auch ‘

they are not always explained as and when they appear ia the’ presentmtnon
‘ SKYL!M!'. METHOD OF STORAGE FOR SYMMETRIC MATRICES

Forn given prob!em individual handwidthe for columns of ‘the stiffnese matrix can be
obtained. - Because of the symmetry it is enough to store the elemenu on the leading diago-
‘pal’ and above,  If leading zeros in edch oolumn ere exeiuded the resumng proﬁle is “called

o
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m;kﬁim mwm proﬁle m Mim -hsh ﬁm lmr For
~ findigg:addy gete:emm;wm SEeys, ane, wed, 'rhe gt atray. LT siorsgthe
" addressos of didaenal clommats, ~Tho aepond array. A siofes. the oy auimber of the finf
 honzero elemient for cath: eﬂm; Further detyils. about this- mefhod  are. prowented else
whtre. (Bathe and Wilsen,-1976). - The advantage of this method ; is:the use,of pime auailinry
“arrays for finding addresses of the paretit matrix and:-the. (L7 matrix. of iummm
‘Choleski or, Gaussain method or that proposed By Ipshi (198;) _

msn unz mn or s'romoz m&smmﬁ mrm

o mmnu ofthe Mmdiugonal and bplgqefm ' ,' matris tmgtored, erdudws
zero elements bolow the last nonzero element in each " colamn, the roslﬂtlna profile may be
‘called as the bése lins. -Aifelements on the leading- diagonﬂrtho bmglqo and thiose in bet-
. ween aré storea ht dl:lgle chmcnsion array Addmos of thete ehﬁienw are vbtained by valig
- two suxiliary & pee explained before. In this scheme: if any. zero ‘element
below- corrosp RiL) matrix of Chdleaski or Gmmn factorization- will be
. ; ferent base ling proﬁle for. the {L] ‘matrix’ obtained" after’
factomation. Addilioul pair of aumlwy arrays Invq to*bo formad for ﬁndmg addremt of
'elemmts of the [L] matrix, ~ .

A

! )

“In solving & ut of eqution by the t‘orwprd lnd ba.ckmrd snbstitutlon prooou, eloments
of the'[L] matrix are onqa ‘scinned row wise and_ onco column wise. - The auxiliary  arrays
explained before require two additions/subtractions to, obufn the - addrpss of an clement for
rowwlse scanning. If the first-aeray LT is formed i in such & Wmt LT +7 gives' the address

' of the element on J* row and J** colum, only one addmon is needed for finding this address.
. Such auxtllary arrays.can be formulated for the ) t . matrix and th&t obtmmd after u:s '
factotmtion for the skiine as well.as base line ma ot‘ ﬁOHiO- S

With tho system ot‘ two aumliary arrays oxplamod so far. the nnmbet of tlements to be

_ scanned in each row for the rowwise scannlng is equal to the number of elements in the
largest half bandwidth for that matrix. This is a wastcful procedure if many: catamas of

large half bandwidth are followed by a aumber of columns of: rqlauvoly smaller half band-
widths. - This is avolded ifa third auxiliary array LN s formed which 'stofes the fndividual
bandwidth for each row. ~Simijer scheme caa be deviced for the base’ line method of storage
scheme-also.  ‘This together with the scheme explaioed in the previsoun paragraph can lelp
to econemize thg oomputaﬁonal effort pamcuh:ly for,d!nwo amly;ts in time domlin.

C’HOICE OF 'I‘HE Mm'-l‘ ECMQMCAL STORAGE SGHEME

" For mosl matneu tmder consﬂerahon, skyline and base fine- méthodl of uton.gos are
‘ .mmh more econpmcal eompued, to that for the method which adopu the largen‘ﬁdf ‘band-

width for_all the columns. Choice of the storags scheme is govorned by the sizd of the [L]
matrix and the' stiffness mateix. Storage ‘for-the auxiliary areays i¥ considered to be m;hgihle ~
. which is easonabie: whaa the: ‘number of displacement fresdoms is large:

Mawmmmywmmdmwmm and each of them
rfoﬂmdbymywhmofmmbmdhrwwmm. l!nminer mmuon the
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Ieading diagonal thebnse hne and thmbfnbdtm Ht&uelm eolumns Bavs many zero
demgnts(pat‘tlcuhﬂy nem' the lowsr end}ihstkyﬂna methad iy tirote oconomival, If these
m . PR T . :

available fo visual inispection. The best way s “to wotkout shofage by the Mo miethods and
choose the method that is more mnomlcat Snch a eheck is quite ihexpens:ve

. From the matrices givea in eq. I and 2t may bexobserved that for the dynam:c problem
where parént matrix-as well as the mitrix detived form it Mher fastorizativn are requited o
- be stored in the central memory, the skyline method is more economical fof the matrices cited
in eq. lwhemasthebasehnemethodhmmmamhlfoﬂhnmm citodideq 2. ‘

YT 0 T [-x_-"-o-'o 0 o'--od
- xx 00 0 0 txx 000 0
: ' l 0 o o xxx 000
K= | 1 04X ‘ = ' ,
- xooxxo X xx00 '
| o _ 43
xooxx_x X-X x x x 0
oooe‘ | D00 075 z
_ Skyhneproﬁle__ o o quiine-ﬁroﬂh
‘Storage requirement ia 17. Storage requirement js 17
" locations hy skyline method - locations by base fine
and leybasclinem’et_hod . method
In oq. (1) aad (2), x stands for a doazero shoment, |
Ik e RS [x:0000 0
1 x X x ' 0 0 0 : -x‘-‘-x-o 0 _'0 0
x| ol 4 {0xx000
=) O Xoxlolo o Li=| | e
'x!o' 0 o’lo- 0 LExzrxo
Lo 00 o 'o'o_ '75.55.0'1"‘_[
Storage reqﬂomm s 13 : B Sturage requirement is 17
locations by skyline method . locations - by base lme

©and 12 locations by base - method
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BOUNDARY: VALUE PROBLEMS IN STATIC ANALYSES ~ . S

The equation of equilibrium ix gives by: -

O REE e

e =Rk L@
Cand . derdkedd=® L@

Here the stiffness matrix, the force vecter, {R}, and the displacemeat vostor, {84}, 2re. assu-
med tobe known. Therefore, eq (5) can bo solved by using ‘Forward.and backward subsitu-
~ tion process tg obtain the unknows displacement vector, {w}. When the schome of pumber-
ing the displacement fresdoms intermixes the interior and' boundary. displacements, the -expli-
it partitioning cited in eq. (3) is not possible. Hence, full advantage of ‘the partitioning can
not be realized in reducing the storage requirement.: When ail interior displacemeont freedoms
are numbered i one soquence and all the boundary displacement next to them, explicit
partitianing cited in eq. (3) is possible. In such a case, itis enough to store the [k} and -

* [kyy] submatrices. This results into significant economy in storage requirment, -particularly
if the boundary displacement freedoms are large in number. The fkyy] matrix is stored only
if vector {R,} is also to be computed. In _psoblems such ‘as soil structure interaction, the
boundary is far away from the structure and the reaction {R;} may:'not "be of interest. For

such cases only {k,;] and [k,,] matrices need be stored. [k,,] is not a square matrix. -

| Storago for the [ky] matrix can be further economized by minimizing the bandwidth for

- interigr displacement freedoms only. The principal minor of a positive definite matrix is also

~ a positive definite matrix. - So it is possible to factorize the [ky] matrix by the Gaussian or
Choleski method. : . o ' '

-In the proposed displacoment freedom aumbering  scheme, - individual bandwidths for
boundary displacement freédoms are greatly incressed by choice. These columas are conta-
ined {n the [Ky) matrix which is scanned row wisé in solving eq. (4 In most. problems very
few interior  displacement freedoms are connected to boundary displacement freedoms.

. Therefare most sows of [k;,] matrix are filled with zero elemenits. Suth rows may bé elimin-
‘ated from the storage acheme. An oxillary array NTX may be formed to identify. those - displa-
cement freedoms which are connected to one or more of the boundary displacement freedoms.
For each such row, the colimn number with the first nonzoro element is stored in the ‘NFC
array, the column number for the last nonzero element is stored in the NLC array and the
‘address of the first nonzero clement is stored on the NHM array. AH zero . clemonds between
the ficst and the last nonzero elements of such rows are also included in the storage. Exper-

- ienoe with such problems indiomtes that the storage requiremént for the. auxilisry arrays NII,

i~ NFC, NLC, NHM and for the submatrix [ky,) itself. is quite insignificant compared to the
size of fk,]. matrix. - This scheme results into considerable simplification of the logic of the

* . compiiter program and significant saving in the cost of computation.
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The equntmn of mot:on jn pa;nnoned form is;iven by' .

. [& _mB] { } e °1:] { } ku kls] { } { } (®)
My, Ca1{ €.y kn ks T

Here, external forces are assumed-to. be ahsont. “When prcsent. they a.ppear on the right hand

" (RHS) of eq. (6)  According to the method suggested - by. Clough (1971) the net dymmic

~ displacement {u,?) is the algebraic sum- of c&mpmnt responses, namely, the: pseudo static

 response {u,’} (that keeps the system in static equilibrium undér the imposed net boundary
‘response) and the balancing dynamic respense {u,?}. The boundary response is agsumed to
be known.  As suth, only equations above the hori"zontal partntion need ‘be noived From
pnncrples of the statlc ethbnum {u%}. can Be obtamed as:

| _{ua}.=——[knr',lk;.1{u.'-}=_rﬂuua'}-._ Lo
where - " '--‘-(8)

It may be further assumed that the system has Ra,ylcngh dampmg, expreased as:

Rt %ﬁg] [ |k..] e

 where « and B are constants of proportionality. On :ubstltutmg Raylgight damping a.nd'
pseudostatic respanse in eq. (6) and umphfying. the equations above the horizontal’ partition
line may be expressed as -

T el {m‘}ﬂc;,l ORIV |
=l (] ) -l B 00

O the right hand side the dampmg terms bemg mslgmﬁcant eompared to inertia: terms
may be neglected. ~This equation may be solved for the ‘balancing dynamic response {64},
The details of this method are documented else where (Clough 1971; Nair, 1974; Wolf, 1977
and Joshi, 1980) : '

PROPOSED ME'[HOD _
Equation (§) above.fhe li_oriiontﬂ partition:may be expresse_gi as
T 03+l )+ ] (0} —fma] )] @ —Tad ) - .11

~ All the terms.on the RHS being known, eq. (ll} can be soived for obtaining net dynamic
response directly.
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TRIAL PROBLEM

’

A concrete Ttined honzontal ciroular tuanel of 6. lm dlamatcr a.nd 19.5m Iength mtnated
within a single homogenous and isotropic soil layer of depth 53.4m overlying the base rock

. which is at a distance of 26m from the axis of tunnel. The base excitation was a sinusoidal
- acceleration function of frequency 2Hz and a peak amplitude of 40.3m/s? in the axial as well
* as trangverse direction. Rayleigh waves were not considered.  Vertical propagatlon of shear
- waves was assumed. The dynamic analysis in the time domain was carried out using a time

-step of 0.0l 5. Along traasverse boundaries of the problem free field motions at cotrespond-
ing positions with out the presence of the tunnel were assumed. Furthot details regarding
this problem are discussed efse where (Joshi, l980) The finite element idealization of the

problem cited Fig, 1 is as shown in Fig. 2.

. GROUND' LEVEL 3
R Y o0.¥ — RN TN RS
BOUNDARY OF FREE FMELD mnous

r .
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—
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FaZan) : - -y g - ; oo N AR
BAST ROCK

~ Fig. 1. Finite Portion of a Long Axisyhlm&ﬂlntermive.-Syltem _

" The results.of the analyses by the first method (proposed by Clough 1971) und by the
proposed method (the second mothod) were identicai for the first six digits. for all ‘significant
responses.  Diserepancies were noticeable only when the response was insignificantly small

* gompared to significant resbonses which is considered to be gdequlte for all engineering

poses. - Besides, some discre; ancy is expected because damping terms on the RHS are

pur
" neglected in the first method which is not the case in the second -method. Thm details are

dlscunsed in greater details else whm (Joshi, .1980; Joshi- and Emery, 1981).

: ADVANTAGES OF THE MOPOSED METHOD

For the first method, the size of the fH]. matnx required i is oomparable to ;hat of the [kyy]
matrix in many problems and contams few Zzero elements. In compansbn, ‘the proposed

i
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method peeds [kﬂ,] [c,s] and [mm] whlch are very smalt matrices. They can be further reduced
with assumption of Raylengh damping and lumped mass matrix.

All the effort required in computing pseudosta‘t‘ic respoqse and for summation of compo-
nent responses needed for the first gethod are avoided in the proposed method which leads
to a significant saving in computational effort. The reduction in the ¢ompilation time for the
dynamic anslysis represents the significant simplification of the programme logic as indicated
in the Table 1. For both these methods, exphcrt partitioning of the stiffnoss matrix was
employed as discussed before. If the half bandwidth type of conventional storage scheme is

to be emploYed and the interior g.nd boundary dlsplacements are intermixed in mimmrzmg
the bandwidth of the stiffness matfix, the storage réquirements and the (estimated) computa-
tional effort for this case (the third method) ‘are considerably- ‘more thaa the corresponding
requiremenu for the proposed method as shown in Table |,

“Though actual savings in storage and computa.tronal cﬂ"ort vary fr,om problem te pro-
blem, the trial analysis indicates that sighificant saViiigs could be achitvéd by proposed
(i.e. the second) method. “The larger the ratio of number of boundary dcgree of freedoms to
mtenor degrees of freedom, the greater are such savmgs .



Economical Solution of Boundary Value Problems

Table 1. Storage and Computation Requirements for the Trial Problem.

121

 Percentage  Percentage
, o Savings of  Savings of
Item Method1  Method 2  Method3  (3) - with  (3) with
' : respect to  respect to
2 )
¢)) ] )] ON (5 (6
Half Bandwidth 45 45 51 - 13
[ky,] matrix 2733 2733 10404 - _ 280
[F] matrix 3777 3177 10404 — 175
[y o] [Kyg] maltrix 6435 —_ 7956
936 7856
[ky,} matyix e 621 ‘_
Total size of the program 24576 19770 44544 26 - 128
Compilation time t‘i.1 33 sec l.16sec =~ — —_— —_
Execution time 94-96 sec  57.08 sec 273 sec 66.36 378.27
(estimated) '

(Fl= ([m“]+ [ 11] & [ku] for method 1 and method 2
My | My At Cyy |C1y ét_ ky, | i,
([mu ] c“] 6 [kn K, fOl‘ method 3.

My, Caz

At=time interval for the step by step lnethod dynamic a.nalysls in time domain.

FACTORIZATION OF POSITIVE DEFINITE MATRICES

In manfr static and dynamic analyses it is required to solve equations of the type

[k} {u}={R}

. .(12)

Por solving eq. (12) the [k] matrix is factorized into upper and "lower triangular matrices so

that the equation may be solved by the forward and backward substitution.

When the [k]

matrix is ill conditioned Housekolder method is ideal but results into increased storage

requirements.

The Choleski factorization involves the use of square roots which results

into unacceptably farge errors in computed results. Gaussian factorization avoids sguare
roots, bat alters the load vector {R} which results into waste of computational effort in certain

analyses such as dynamlc analyses in time domain.
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| \Héwev«;:wathe'M’ngmlm" B combited by the
factorization suggested-by Joshi (1981). The elements of the matrices of [LYDYL]" factori-
- zation-by this method may be obtained from the Tollowing expressigns which subscripts i and )
-J1eRr to row/colimn lmbers of thése elements, S
o . dij=k,

- - : . ) -
N . v .

Y

]"-—- l ) . N
" lilsky/dy
=1
‘dy ékfr'fz.l:'ﬁ L P

o LY A '
R ' lu='('ku -—.-'zlm" Ujm db-@) / dy '
: ) h m=}1

Beoause it avoids use of square roets the errots associated with the same are wvoided,
The factorization leaves the force vector in tact. . So, the wastage of the ‘computation . effort
in reducing this. forcs vector ‘associatsd with Gaussian method 'is’ also eliiingted, This
Breater dogree of acouracy helps to reduce the timie step required for the dynamic analyses in
time domain when compared with that - if Choleski factorization is employed. This results
into tconomy in execution time required. Furthier details regarding the sam# ‘are discussed
else where (Joshi, 1981), ' - o

CONCLUSIONS

a3

-

Explicit partitioning of matrices corresponding td interior and boundary displacement
degrees of freedom can be of use in reducing the size of computer central memory storage
and the cost of computation for certaia typed of baundary valge problems. Ifall displacement
freedoms for which the displacements are nat known are numbered in one sequence and all
boundary displacement freedoms with known displacements are numbered after wards; such

It is possible to device economical storage schemes for symmetric matrices by the skyline
and the base line storage méthods, Auxiliary arrays are Suggested to further economize the
computational effort required for flading addresses of clements. A method of finding the

most economical scheme of storage foi‘_ diﬁ"erén't"problems is also indicated. -

A method ofgplvin_g thé,_bo_undary valie _'ﬁroblem_ that is. more mgw_l'@mpaud
+ to the present day practice & explained. The use of the suggested method of factorization
is helpful in increasing the accuracy of the computed resuits.. T
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SYMBOLS USED: IN THB PRESENTATION :

b Number of boundary dispicement freodoms
i ' . Number of interior duplaeement freedoms ' I
n=i+b - Tonl number of dupheement freedom

e [m]-[ Im”] Ma.ss mamx ofr.he wutem L | '{’ '

- [01 "[SQL‘] Dmpins matrix of the syueni

o

'[ﬂ}u—[k“yl M o Amatrlx med in: thc aohxign “of thﬁ. equation Qf motion
- lmﬂ, {9,_,], [knl Mamees of i rows and b cdluinns ' e
o {w}.{w}. j Net agenleration, vdo«;x and ch:phcamt vecters for mtenor

' dlsplwement fmedoms
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a Corresponding pnaudm:c veoton |
‘ Cormponding bahncing dmmfc mponse vecteu

‘Net ncceleraﬂon. velocity and wwhutlon vectorl for the boun-
-dary dilplaeomnt freedom .

.Force Vector

Forco vectos fdr the mbnor mel '

Force vector for the boundary dupla:ipement freedoms
© Diagonal mutrix ' '

Element: of tho [D} matrix ‘ _ :
Lower tmngular matrix obtamed after factonuﬁon '
Tranlaou of {L] mutrlx '

Element on i* row and J"‘ oolumn of [k] matrix and'. [L) ‘matirx’

respectively

Proportionality constants used in Rayleigh Damping



