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RAYLEIGH WAVES IN A THREE LAYERED VISCOELASTIC MEDIUM!

Vzn Pmuusn Kausnik anp S.D. Cuopnaz
Iltrﬂl-etion

The. amlgmc pature of the earth matenalt and the fact that the theory of viscoelastic
describas the linear bebaviour of both elastic and snelastic materiah, suggested to Bucken
[1971] and Borcherdt [1973 a, b] to study the propagation of waves in homogencous,
isotropic, linepr viscoelastic materials. They found a distinct differenrce between the
inhomogeneous waves of elastic media sand the inbomogeneous waves of linear anelastic
medis. Borcherdt [1973] investigated this difference for Rayleigh-type surface waveson
a linear viscqglastic half-space and found that the physical properties of the surface waves

- are distinct from those predicted by perfect elasticity theory. Using general plane wave
solutions, we derive the frequency equation for propagation of Rayleigh-type surface waves
in a three Jayersd homogeneous, isotropic, viscoelastic medium.

Formulation of the problem

Consider » homogeneous linear viscoelastic medium composed of two layers I and 1
with finite thicknesses H; and Hjy respectively, overlying a half-space. The geometry of
the problem is depicted in Fig. 1. Let (x,y,z) be the Cartesian coordinate system such
that the two layers I and II are bounded by the surfacesz =0,z = — Hyand z = 0,
z = Hg respectively, and the third medium is given by z = H,.
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governed by the equation of motion
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are complex velocities, where p.v denotes the principal value.

The plane wave solutions of (4) and (?) for the displacement potentials to describe the

two dimensional surface waves are, i
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The complex wave number k = kp + ik it chosen such that ka > 0, where the subscript
R denotes the real part and-the subscript I the imiaginary part, and:
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Boundary Qenditions and the Pevied Squations

The boundery conditions, that the displacements and stresses ,are continuous at the
lotrfaces z = 0 and z = Hy, and that the stressss vanisl: at the free surface z = - H,,
yield the following system of ten homogeneous equations represented by the matrix equation
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and X is the column vector
w {By3, i C11, By, i Cig, By, i'Cy, Beg, i Cog, By, i Ctl} (33)
. The condition that the system hins a non-zero solution X is that .
|Q|=20 L (39)

which is the required frequency equation.

We shall discuss the frequency equation (39} in the following hmmng cases, which
afford some verification of the analysis.

(i} The thickness of the Iayer I is zero, i.e., M; = 0, Then we obtain the frequency

equation of Rayleigh waves in a single layar Ll overlying a halfspace My, the 6-rowed
determinantal equation given by

| Dg| =0 . ' (40)
which, in the perfectly elastic case- when A*(w) == A and u*(w) = u are Lame’s constasts,
reduces to the frequency equation for Rayleigh waves in & homogeneous perfectly elastic
medium with a layer over a halfspace. [See Ewing and Press 1957}.. From.(40), if we
let H,—-roo,m find a 4-rowed determinantal equation by deleting firat two rows and columns
of (40), giving the equation of Stoneley waves at the interface between the media 11 and
1IL. The frequemcy tqlmim wrmpondmg to the Ruyléfify waves in « layer ¥ conr be
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obtained from (39) by makmg Hy = 0. In the case when Hy—»e we obtain an B-rowed
determinantal equation correspondmg 10 the. propaglﬁon “of Rayleigh waves in an internal
stratum of thickness H,, between two :emmnﬁmte media I and 1IL

(u) In the case of very short waves, i.e., when w0, equaﬁon (40) factorises into
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(41) is éQuivalent to the equations _
| L 1=0,1Lyl=01La)=0 (45)

which are the -fréquency equations of Rayleigh and Stoneley type waves for the viscoelastic
case for the free surface z = — H; and the two interfaces z s= 0 and'z = Hy. In the limit
of perfect elasncny, these three equations reduce to the three oquanom obtained by Stoneley
(1954, p- 614) ; T .
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