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‘EFFECT :OF SMALL HUB RADIUS mmwor
‘COUPHED VESRATIONS OF A BEAM OF LINEARLY VARYING =
‘CROSS SECTION IN A CENTRIFUGAL FORCE FIELD

AsHA DHoLe?

lntroduction

The analysu presented in this paper connders wbratmn of a beam of linearly varying
cross-séction that could represent a turbine blade of sigiplg geometry The shear centre of
each cross-section does not coincide with the centre of gravity, consequently the torsional
and bending oscillations are ‘coupled’. The beam is-atiached :to a bub of.radius r, rotating
at a constant angular . velocity ), as shown in Fig. I. The beam is allowed to vibrate in a
plane making an angle (x/2 —¢) with the plane of rotation.

The frequencies of the coupled vibrations and the modal shapes of bendmg and torsional
vibrations can be determined from the solutions of the following differentiai equalmns Tomar
and Dhole {1975) with proper condijtians : :

oxy : Plane of Rotation ~oxv: Plane of Vibration

Fig. 1 The system undér consideration
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For linearly varying cross section .
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The solution of the equationa are of the form -
- v A f(E) glet s
and =B e | (3)

Where A and B are constants which are not independent; and f(E) and ¢(£) are

functions of £ only wh:ch are also reapecu\ely the mode shapes of bending and torsional
vibrations,
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For the beam clamped at the root the houndary condmem can b: written as
_ f-d-%--&;-%g;o - I.t E-:O
:;“% i? giEi‘f"""”“'“ E=1 ()

. When there is a ltnallxhw iR the hub- rtchm fIPNJ wrl‘- r + 4 r, while ali other
conditions remain the same equations (4) become - .
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Here wy and fj, §1 are.the new froquency and:mode lhnpel caxtsponding to new
hub radius r; The boundary conditions ‘are not i sied by the dmageof hab ratlius.
They remain the same as gwen by (5) excemt f and ¢ rephmd by 1 and ¢;.

"When first and second equations of (4) are multiplied recleptwe]y by f; and ¢; and
integraiad from O to: |, pmagets , - . .
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The above identicaj relat:on can be verified by integrating by parts and making use of
the boundary conditions. Similarly, when first and second equations of (6) are multiplied
respectwely by fand ¢, and mtegratmg from 0 o 1, one obtains )
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Subtracnng equmon (7) from the respective equntion (8), we get
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Alsummg that for mnll changes of hub nduu, the change of modal shape is small and

can be neglected Thus f = f; and ¢ = h which after substituting in eqn. (9) gives
i1
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Second of eqn. (10) gives - '
3 mfiu-stprea

B
A- (xo=+r.')j (1—aE ¢8 dE

 Substituting in the first of equ. (10)
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Equmon (l 1) is the governmg equaugn t‘or the a.pphca.nonot' the perturhluon method?.

Periurbation Method

The method of perturbation as used by Hsu Lo (1960} hu bun extended 1o this coupled
problem. For a small change of hub-radigs, Arthé3 <al, and the new frequency
parameter can be expressed in terma of & posves series of 9. Thus

yL =y L_oa.-a' - ‘ (13).

- Where the co-efficients’ a. are o be determined by tho methdd of pertmbation.‘
Substitution of eqn. (13) into eqn. (Il) gives '

a3k, — 1 E(?—d" .an)' ~1 } (kg—bka)_l-_- 0

Expanding this equation intg & Mries with: Mﬁing,,pomﬁ of 3, we get
' 89 {—2 (ag2~1)} (ks~bkg) + 3 {0 k;—y® (2ay a;) (kg —bkg)}
+ 3 {—v? (20 la+l1‘J} (kn—Ubks) + 33 {93 (28 a3 +2ay ng'} (kg - bky)

+ 3 {78 (200 0 + 250 83 + agV)} (kg <kp) e w @ (14)
Equating the co-efficient of the 8 lerm equal to z-:ro, we get
R S (15)

The positive sign should- ‘be-used 50 tl-m-the condition that at 3 = 0, y; = y is satisfied.
Equating the coeflicient:of § “ tergs a un, ‘we-get
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a; = 03k | 2 v8 (ke—bky) (16)
Neglecting the second and higher order terms of 3, the following first order solution is
obtained
n=y{l+ss (17)
This gives a linear relation between the frequency parameter y1 and 8, with a; asthe
slope of this linear relation,
Substituting the expreumin for y; and y in eqn. (17) and solving for @y one obtains the
relation between the new frequency w; and the parameter 3 as given by
on = [(w? 4+ 0? Sin? §) (14-a; 3)3 — 02 Sin® y]112 (18)
This relation can be put in a linear form by expmdmg mlo a series and discarding terms
of higher powers of 3.

mlwu[l + a3 (19}

- For the particular case 4: = (), this reduces to
wy = (1 + a; 8) : (20)

The results (20) and (19) confirm the results previously by ﬁoyce (1956) and Hsu La
{1960) if in addition x = 0 and $;/S, = 1,

(w2402 Sin? §)
rratsint o) ]

Higher Order Solutions )
Higher Order Solutions can be obtained by following the same procedure outlined.

Setting the coefficient of 3 —term n = 0, 1,2, 3............ of eqn. (14) to zero seperately, one
obtains the following set of equationa

0 Order agl—~1 =0

Ist Order ky (0%—+2 (2a9 a1) (kg—bkg) = 0

2nd  Order 2apag + a2 =0 : (21)

3rd  Order 22083 + 28133 = 0 '

4th Order 2ag a4 - 281 ag + agd = 0

ntb Order ; a,ap ;=0

J-

The parameters », can be calculaied successively from eqn. (21). The first five
parameters are :

ag = | » a1 =k; R2]2y%(kg—bky)
By = — 7132, 8y =82, 8y = —5ad8
It follows that the v, —3 relation can be expressed as
‘ Ist order yr=71(l + a; 8)
2nd order  yy =y (1 + a; 3—a,? 32/2)
3rd order yi =y (1 + a3 83—a,2 3%/2  a;3 83/2) _ (22)
4th order y1 = 7 (1 + a3 3—a; ? §3/2 4 a,3 33/2—5 a;4 34/8)
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and the determination of its radius of cor vergence can be treated as, follows :

L ‘xq-,'.i.-

bt e e @S B
Lt . ‘g(la)h ﬂgo .n‘i?-h [} ‘-“?‘f he .-,., RIS i1 FURT R PSP R
Egn. (13) becomes ' R T R R
e La=ve®. o (23)
Substituting this relation into eqn. (11) gives '
0% 8 ky —v? [ah )= K(keormb kg) = 0~
whereas g(3) = ( 1 4 \Ti—(SE—:.;%T‘i).H’ B
.- 'When eqn. (16) is substituted it becomes ; T
R = (L2 (24)
Thus the infinite series’ S e, I
- .
Z a8, o eiLe

.,. L T I A R o \
o Gonvesges wrthesum given by equ. (24). ‘Theradius of , convergence.is | 2-ay.8 < 1| i

or 13 <gm; m»0 (25)

: @ !
It ‘'may be noted-hexsithaj therpnocessof piroving the aanvergencewf the series actually
oomatitutes a direct solution of the,:pql_;.lem_wi_ghgut using. the-perturbation method. The
presentation of the perturbation method is retained in this P_roblem because of its logical
use in obtaining the first ordér sobbvion and betause of ‘(he possibitity of its extension to
more complicated systems. - ;o : : I

R

Conclusion R .
It has been shown that for coupled iraniveyse and torsional vibrations of a rotating

LWEAR REPREBINTATIOHN
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bear of linearly varying crofs section, a small change in hub radius cansesa corresponding
change in the frequency parsmeter. The relation between them i spproximately a linear
one and the constant of proportionality can be determined from the known parameters.
Higher order representations of the y;—3 relation are also obtained aa given by equation
(22). Because of the approximation used in equation (i4) for calculation of aj, the use
of higher-order representation is deemed unnecessary. A chart is provided as shown in
Fig. 2, to indicate the comparison between the linear and the infinite-order Tepresentation.

Moreover, S(z), Iix), Jan Teay Cp X are functions of x-in this case of linearly varying
.cross-section, the method will also be true for exponential bean: and other type of beams
"of variable cross-section.
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