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REFLECTION OF SH WAVBS mou A MULTILAYERED
ANISOTROPIC CRUST!

" SoHan LaL Sang?

Introduction

. The problem of the nﬁecﬂm and refraction of elastic waves in the case of an isotropic
medium has been discussed extensively (Cf. Ewmg et. al. 1957, Brekhovskikh 1960).
Transmission of elastic waves at oblique incidence through a straufied solid medium
consisting of number of parallel plates of different materials and thickness was studied
theoretically by Themson (1930). He used the matrix calculus to systematize the analysis
and to present the equation in a form suitable for compuration. Haskell (1953) used matrix
method to study dispersion properties of Love and Rayleigh waves in an isotropic homo-
geheous medium. This technique is now known as Thomson-Haskell matrix method. The
method has been used by several authors, e.g. Dorman (1962), Harkrider and Anderson
(1962), Hannon (1964 a, b). Haskell (1960) applied this method 10 study the crumal
reflection of plane SH waves. He derived an equation for the amplitude of the free surface
displacement due to plane SH waves incident at any angle at the base of a layered crust.
The same author (Haskell 1962) used this Mlmd for the crustal reflection of P- and SV-
waves. He derived expremions, in terms of layer matrices for the motion of the free surface
when plane harmonic P— and V- waves are incident at any given angle at the base of a
horizontally layered crust. In these investigations. FHaskell has shown the variation af the
surface amplitude with the angle of incidence and time penod for a single crustal layer
model.

In the present attempt, we discuss the reflection of. plane SH waves from a crust composed
of transversely isotropic, homogeneous layers. The results of Haskell (1960) are obtained
a3 a special case. Variation of the surface amplitude with the angle of mcldence and
frequency is shown graphically for two, and three layered models.

Formaulation of the problem

The medium is considered to be a layered half-splee, composed o!‘ n parlllel homo-
"geneous transversely isotropic, plane layers, the n'2 layer being a howogeneous, transversely
isotropic half-space. The numbering of layers and interfaces is shown in Fig.-t (a). The
réctangular cartesian co-ordinates have beem taken with xy-plane in the free surface. The
z-coordinate is measured normally into the medium. Associated with the m'® layer are its
density py, and directional ng:dmel (vemcal and ‘honzomal) M, and N, respectively. We
assume that the layer havmg thickness ‘dyy i bounded by =z, ; andz m z,. The
vertical and horizontal wave velocities Bvr and Bh,, sre given as
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m“éqﬁdtfod of SH’ type Wa‘ve mdﬁon in the mh layer is given: by

'm vy, Nl:lu vy i.ﬂbm o '
1_31_— v‘ =M, axr T (2)

whére vy stafids for the y-compoitént df e dﬁphcemem Equation (2) gives the displace-
meit and ti.‘h&@nhal stress as under .

Va(d) = (Ame "7 4 By o7 0 gllmtax)

ispz —ityz, i(wt—ax) (3
7m(2)=iMm SE(Ame o —Bme n )e 3
where o is the angular frequency and
‘R e -i-.“.’—......— .N" Y
() e 52
«d \12
- | el S 1/2
o s B -ﬁ-) “for & (Na/Ma) >"BV‘ J
Ay = dupiacement amplitude of the upward travellmg SH wave,
Bn = displactment amplitude of the downward travellmg SH wa.ve.
- ®)

a is independent of m on account of Snell’s Idw lﬁd l.. is the Angle which-the wave makes
with the positive directioh of z-axis. :



Refiiion. of SH Weps . .
" Reflection cosflicient and surface ampﬁtude‘ *' |

Let plane SH waves be incident from the half-space ayehs (n—!) th interface at an
angle 8,. Let the plane of incidence be taken as xz-phne Wg soive the prohlem subject
10 the following ‘conditions : A R

(i) The free surface is stress free, that isy

t=0 at z=0 _ . (6)
(i) The displacements and stresses are continuqus ag.an mtq'fwe This implies
wo(m) v (@) . _ } (7)
7 (1) = %141 (B1)s jm1,2....0~1

Expeessing the txponem:al fypc_ﬁpng Jdn (3),_in trlpnome_mc form and supr;ssmg the common

factors ellst-*%), we get ...
Va () = (A + B...) cos (tm 3.+ i(Ay,~ By ) 8ja (8 2), }

T (2) = — Mmsm(A- + Bw ) 8in (8mz) + i M *m (A.,. Ba ) cot (S 2).
Shifting the origin, tempornnlv, to the (m—]J}b interfage asshown in Fig. 1 (b), we have
2.9 O at the {m~|)th interface. We denote the displacement and stress at the mth interface
by vmand tm, respectively. “Phen for the m—1) fn’ter’faoe, equstion (8) together withl the
" boundary conditions (7) give

(V-_l. ‘G‘m—l) - Em (A. + m, ‘Au—'nu); (9)

where .

_n 0o - |

E"'_[o . iM..l-] ‘ (1)
Similarly, (8) gives the values of the dmpl;c,ement and stress at the m th interface by putting
z = dm ’

(8)

(¥ms *m) ™ Duu (Aw + Buy Aw—Buly | - ()
where o
_ cos (fm dm) " isin (s.. d..)

De -'{ I\%L.. See 5iD (1 dm) i Ma S CO8 (Sm ) !'02)
Equation (9) gives _ _
(Aw + Ba, Au—Ba) = E {vm_1, Tm-1) o (13)
From (ll) and (13), we get B o o
) (Va, Tw) = D B} (vine1s -r....;), . (14)
: L. 0. T S
ey 1] ‘ (15)
1 Mmoo .

is the inverse of Em. Equa_tiop (14) can be written a3

(Vm; Tm) = m (Va1 "u—l)s : | . | ' (16)
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' o ""B‘-su o R (7
Replacmg m by m—l in (16), we get ) ‘ .
' (Yot mt) = Buct (Voet, Tmg) (18)

Continuing this process, we get
* (Va-1; %aly) = sny Bay ... 25 Vo, ), . : ‘ (19)
where vy = vy (z m 0), 1p = 7y (z = 0) are respectively, the displacement md m:gemul
stress at the free surf-ce. From equations (13) and (19) we obtsin
C  (An+ BaAv—Ba) m Ve ang . ag (Vo ). - (20)
Putting ' .
| o Jn =Bl an; nag oony : ' (21
Equation (20) gives : ' .
(As + Bs, Aa—By) m Ju vy, ). - (22)
If we restrict ourselves to the case of free surface then the boundary condition (6)
implies that v == 0 and, therefore, . . ‘
(An + Bu, Au—Bn) "Ju (Vo, 0) ) (23)
From equation (23), we get _
(J'}I.l (J-)n 2%
D Vel AREE A | 24
Vo 2 . 5
| = o + o - @)
Equations (24) and (25) are the expressions for the reflection coefficient and surface
amplitude, respectively.

From equations (15), (17) and (21) we note that the elements of the matrices J, are

of the form
»=[7 1} | - (26)

where R indicates the real quantity (not, of course, the same in both the pasitions) and an
I indicate an imaginary quantity. Hence it follows from (26) that ( Jp)i; is real and ( Ja)yy
is imaginary. This makes the numerator in (24), the complex conjugate of its denomenator
showing that the amplitudes of the incident and the reflected waves are equal in absolute
value and diffcr only in phase, i.e. whole of the energy is reflected back from the free surface.
Special case 1 (n = 2).
When n= 2, e fora single Iayer over a half-space, (2!) gwel
Js = Ef a;. _ - (27)
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where Q._-'-l.-.'-fa.. Fromdqumnffﬂ},ﬂ&)iﬂ(ﬂ.mgu -

Ll
: ' eos Qpti %m Q1 ‘ o
Vo 2 " * L
A coaQ,1+1¥l~—l{nQ;
where from {4) and (5) ‘

"y = —-[34_1 %%l- — sin? l.)] s for linlg <ph

_“”w[ (““"-;H#%ﬁfﬁg.

1f anisotropy vanishes, we have
N; = M, = u, (say),
By = B, = Bimay), }
a2 : ,
Then, equation (29) gives

By makmg use of Snell's Jaw and afier some s:mphﬁcatmn, we get

R_COIQl-—lblmQ]_
cosQy +ibsinQ,’

where "

R b(c) - Eﬁi ::g_::- | i N

R [(Clﬁ_l)'-'l]”!
iw= ], 2

I the equation (34) c is horizontel phase- wlocay Equmn{m). reduces to

Vo o 2
Ay MQHﬂﬁlmﬁ_

(29)

(30)

(sn)

(32)

(33)

(34)

(35)
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Equations (33) and (35) are the expressions for: the: séflection coefficient amd the surface
amplitude respectively, whep am: isotropic, hnmogeneam layer is lying over an isotropic,
homogeneous half-lpace (Haskell; §960).

Special case II. (n = 8}

Using equations (24) and (25) and followiti the above procedure, we get value for the
reflection coefficient and the surfawe smplivadeé &9 given helow ; ,

(con Q1 com Q4= {712 tin @1 sin @) ‘
o —i(ﬁz tin Qycos Q3 + M " #in Q1 cos Q,) o
(cot Qa cos Qy- %——, tin Q1 8in Q) | (
+ i(;j";;ainq,c})sqyr ';::::sin_ql cot Qg )J
- 2 ' — (37)

: (con Q1 cos Q_g - M-‘-’!I sin Q4 sia Q,)

sin Q4 cos Q; +

+i(M
8

Numerical Calculations

an. Qy tos Qg)

Numerical calculations have been carvied out for single and double layer cases.

Equation (29) gives the reflection coefficient for a single layer case, for o2 Bhy > sin 83 on the

ﬂh
other hand, when Bhy < sin By, we find

Phy
s
R = L (38)
| cosh Ql—ih-él-é!'sinh .(-,11
_ Mg sy .
where
: - w N . ﬁ’h’ 1/8
8 = —— sind fg — %
g (s (320 52) ]
and , ot i (39)
C Qi=nd ,
The corresponding value for the surface amplitude is
V- . ) 2 ‘ ' '
AT SEEme— —. . (40) .

eoah_c')i,—i;—!-ﬁ;-:-: s?nh&;
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From equations {29) and (38) we note that the. value of the modulus of the reflectinn coefficient
is always equal to waity. The surface amplitude is gnm by (30) and (40). The values
of the modulus of the surface ampluudo ve been coqlpu - 1,3,

The annotropy factors of  both the\ uare ivx‘nt x:ufnhmuch. namély
%11--06 l!anc!%’-’-os 14. mmmorm-urrmm,umdeuumpmud'

against the argle of mcndenco and the dmmwnlus frequency 0} = Fig. 2 shows

5h
the ‘variation of the modu!ua of the surface mphtude 'with the angle of incidence when
ﬁl = 0.6 and -g—; = 0.8, Three curves in this figure correspond to three diffi rent values
given to 1, namely 0 = 2, 10, 18. Smnlarly in the Fig. 3 the variation of the surface

amphtude with thenngle of incidence is lhown for :‘u = 1.2 and %:— =].4. Fig 4shows
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Fig. 2 The variation of the surface Fig. 3 The variation of the surface

amplitude with the angle of
incidence for Ny/M; = 0.6
and Ns/My = 0.8

ampiitude with the angle of
incidence for Ny/M; = 1.2
and Ng/M; = 1.4

the variation of the absolute value of the surface nnphtude with Q for the first set of values
given to anisotropy factors. Qne curve corresponds to the normal :ncidence and the other
cucrve is for 30° angle of incidence. For second set of values of lnudtropy factors, the
varution of 1the surface amplitude with 0 is shown in Fig. 5. Fig. 6 coapares the surface
amplitude for the two cases &f anisotropy and one case of isotropy. A similar esmparision
of the variation of the surface amplitude with £ is slhown in Fig. 7. As can be seen from

the graphs obtained, the surface amplivude changes comndetab}y as the value of anisotiopy
factors are changed.

For two layer case we note that the‘-tth.ﬁioa! (36) and (37) held for :_i-
Phs

Bhy > sin 0. Corresponding equations for the cases

> sin 63

and



Fig. 4 The variatioh of the
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amplitude with the frequeney for
Ni/M; = 0.6 and Ng/My = 0.8
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can be obtained- o ‘rodifying the -radicals’ suitably.. We note that abicluie value of the
refiection coefficienit is unity in'alf tive'casss -which being tliesasse ab required by the energy
conservation. . Absolute values of the surface mda ﬂnbe calculated from equation

(37) or its modified forms. For numerical purposﬁ, we hlve chosen Py 1.3 and

phy
%‘I—' = 1.24. The ratio of the thickness of the layers, i e. g s taken to be 0.8, The
1

animtropy factors are gwen diﬂ'erent valuu, nmly 5‘ = (. 6, ;’ 0 17, g- = 0.8 and

%—1_‘ - 2.0, -ﬁ— = 1.8. Fig. 8 lhows the variation of the lurface amplitude with the angle

of incidence for O = 2, 10 and 18. The variation of the modulus ol the:surface amplitude
with frequency is-shown in Fig. 9. :
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"Pig. 8 ‘The wariation of the surface - 'Fig. 9 The variation of the surface smplitude
ampliude with the angle of with the frequency for. Ny/M; = 06,

incidence for Ni/Mj = 0.0, : N’IM] = 0.7 and Ng/M3 = 0.8
Ng/My=0.7 and Ng/Mg=0.8 _

Conclusions

The modulus of the surface amplitude has been plotted against angle of incidence and
frequency. Comparision of variation of the surface amplitude with the angie of incidence
and frequency ‘has- been made for three cases, namely two cases of anisotropy and one case
of isotropy. It is noted that absoiute value of the surface amplitude is zero for 90° angle of
incidence in every case. It is concluded from the aboye analysis that the anisotiopy of the
medium produces a marked . effect on the surface amplitude,
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