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SH-WAVES FROM A TORSIONAL SOURCE INX AN ANISOTROPIC
. HETEROGENEOUS HALF-SPACE!

Sustma Saicar?® aAnp Kxaan Singuf

Introduction

Source problems in homogeneous and inhomogeneous isofropic media have been
discussed by many investigators since the classical paper by Lamb (1904). The displace-
ments have been studied by considering "diﬂ'erent types of fixed or :ho\ring sources. A brief
account of these investigations has been given by Ewing, Jardetzky and Press (1957). Mira
 (1958), De (1969), Vlaar (1966, a, b) and others have studied the displacements of SH-waves
in heterogeneous isotropic media. Mitra (1958) has found normal medes and-surface
displacements for SH-waves from a prescribed surface traction in a half-space. The
variations of rigidity and density in the half-space are assumed to very as exp (z) and exp
(Bz} respectively, 2z being the depth coordinate. De has considered the medium in which
the density and rigidity both vary as exp (2 @ z). Vlaar (1966) has discussed the displacements
due to SH-waves from the point source in a (i) layer and (ii) half-space in which rigidity and
density are assumed to be piece-wise continuous functions of depth. He has studied the normal
modes as functions of the source depth and frequency by using Strum Liouville’s Theory of
eigenfunction expansion. Sidhu (1971) and Bhattacharya {1973) have discussed SH-waves
from torsional sources in a semi-infinite elastic medium. (Bhattacharya (1973) has obtained
displacements in a homogeneous isotropic half-space due to torsional disturbance produced
by an expanding source. He has derived the solutions for two different cases where (i) the
velocity of the expansion of the source is less than that of shear-waves in the medium (ii) the
velocity of expansion of the source is greater than that of the shear-waves in the medium,
He has used integral transform technique and the modified Cagniard method. Sidhu -
{1971) obtained the formal solution of the ‘displacements field due to SH-waves from burried,
time harmonic, torsionz] fources in a half-space in which u and p vary continuously with
depth, He has applied this formal solution to study the SH-waves from a torsional source
in a half-space in which p and P vary exponentially with depth.

.In the present study, the propagation of SH-waves generated by a time-harmonic
torsional source in an inhomogeneous, transversely isotropic half-space has been discussed.
The elastic parameters of the material are supposed to be functions of the vertical coordinate,
The variations of directional rigidities and density have been assumed in such a way that
vertical shear wave velocity varjes linearly with depth whereas the horizontal shearwave
velocity remains constant. The theory of Hankel-transformation is used and the method

of stationary phase has been applied (o evaluate the surface displacement at large distances
from a surface source. ' ' o
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I Ftinderic . % tlu !'m lu:fage and z-axis
dnrec::: ﬁf the half-z;eq whm.li ;1?*“? % bg mﬂ:a‘m isbtropic ufid inhomo-
geneous. The inhomogeneity In thé medium has %oen “t&kén to be a function of vertical
coordinate only. Let the Giuplacesnent components i the - directions of 1, ¢, z be u, v and w
respeggivel. Bince the material is transrudu!i‘y isotropic, the surfaces of constant uotmpy
are cylinders with axis along z-axis.
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We oonuder the SH-tpye d:sturbances due to the torsional source defined by o
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: vheu l(z—h) is the Dirac-delta function. . The only nonsero component of displacement
is v and it is independent of ¢-coordinate. In this case the stress-strain relations become
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€1 vi' (0) + ca vy’ (o) = 0

1 vy (B) + <3 vz (h) = c3 v1a (h)
and
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Solving these equations for c1, ¢ and c3, we get
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Using the Hankel inverse transform we get
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Applications to Hetrogeneous Medium

We consider the variations of the elastic parameters of the medium in such a way that

the vertical shear-wave velocity varies linearly with depth from the surface and the horizontal
shear-wave velocity remains constant,

Let the inhomogeneity in the medium be defined by
cs = ¢, (1 + «z)8
Cqq = cgq (1-+a 2) B (18)
p=p(l+a2) | |

where E., caq and p are the values of the elastic parameters at the surface and a is a nonzero
constant. Substituting the above values in equation (10) we get
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We see that the equations (26} and (28) are ' identical thereby ouahlnhing the gerenal
principle of reéiprocity, i.e. the displacement at a depth h from a souroe is the same as the
displacement at the surface from a source at depth b (Ray!eigh JW.S. 1945, Vol 1 p, 150).

Surface dwutmaum«m

1n order to ltudy the surface displacement from a surface source, we put h = 0 in (29)
and get

L TN ALY Y S 29
P !J TV L) et i

Casel: Letp> vy where o3 =arp

Then we have
- To e l‘o"" GBI HEAE
v 3o+ VIS~ a7}
ro eiot I G h(rEEAE
cn+v’(E'— 1%)
where

Let g(r) he deﬁngd by

L o
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0 for r>b

so that (4) defines a ﬁmte ‘circular torsional type source of radius b havmg discontinuities
atr =0and r = b, .

With the help of equatlom ) tnd (31) we get
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Applying the method of mﬁmvy phase, we-have, for lasge v,
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Using these values of Iy, I3 and I3, we get, for Jarge valuesof r,
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Applying the method of contour integration, taking into account the contributions of the
branch lines £ = =+ i k; the displacement in the present case, is given by
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- Puttingcash u =1+ ¢ and using Watson’s lemma (Jeffreys, 1968, p. 501) for large
c1r we _gél ‘ : - '
I eT JT
r2 9%,
i 2 e—‘fil i o
: = - — 42
o T (r+b)sr2 J(Z ky r) o (*42)

= ()
Iz = (l‘—b)sﬂ 2;‘] r




" SHxWover From. A" Torsional” Sowrie. =75 )
Substituting these values in (40) we get, for large valuen of randpoCuiNeg . .. o000
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Evaluation of the. dlsplpmut, vy for tlne homo.mo-. modhm

- It is seen that the d:splaoement, v, “for: the hﬁmogeneous case, cannot beobtamed
directly by putting « = 0 in (39) because the integrands in Iy, Ty, I, are no longer analytic
neary = 0. Form = (), we, however, have
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where, now, ki = pfv,. The function 1/ (in—2k,) s mlytlc in the nelghbourhood of
the point v = 0 Evaluating (44-) with the help of Watson®s lemma and putfing their values

in (36) we get .
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Applying the method of stationary phase we get the duplaoemqnt, v, for large values
of r as ‘ ,
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For the homogensous isotropié medhim we have'
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Physical interpreution

For p > a1 vyg, the equation (39) shows that the dlsp!acemept at a.distant point in the
medium consists of three phases. First term corresponds to a,phase emiiting from the
centre of the source and the amplitude is inversely proportional to the square of its distance
from the centre. The second term corretponds 10 a phase emutmg from the farthest end

of the source and the amphtude varies as "T -Ffj‘v' " The third term indicates the

contribution from the nearest end of the source and its an.plitude varies as - 7 (rl TR
Comparing these resulis with the cormpondmg homogeneous amsotrépxc and the homo-

geneous isotropic media, we find that the decay of amp‘htudes is rapid in the case of
] mhomogemous amsotrop:c media.’

: For the case P < a4y Vg, the drsp}acement at a large distance r is the oonmbuuon of
three phases emitting from the centre of the farthest end and the nearest end of the source
and the decay of then' corresponding amphtudes varies as

DI —-‘-:- 1 exp (—k1 {t+b)
r2exp (¢ 1) * A (f + bP7s
1
T oo O%P (~ki(e=b)
‘which is more rapid than thiit for the case p > i, Vv

and
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