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LOVE WAVE PROPAGATION IN AN INHOMOGENEOUS ANISOTROPIC
MEDIUM WITH A COLUMN OF DIFFERENT ELASTIC PROPERTIES'

Suresn Crawper anp M.L. Goona2

Introduction

Inhomogeneities in the earth’s Srust and upper mantle have significant effects on surface
wave characteristics such as phase and group velocities and amplitudes. In the last decade
geophysical studies have shown that the earth’s crust is not only vertically but also laterally
inhomogeneous. o _

Many authors have already studied vertically inhomogeneous media by taking different
variations. Some of the investigators have -tried to discuss lateral inhomogeneity by taking
vertical discontinuities in the earth, Alsop (1966) developed an approximate method for
calculating reflection and transmission coefficients for Love waves incident on a vertical
discontinuity, The concept of coupling coefficients between modes on sither side of the
boundary is introduced. Sinha (1964) discussed transmission of SH-waves in a homogeneous
vertical layer sandwiched in a homogeneous medium. He obtained reflection and trans-
mission coefficients for SH-waves incident normally in the planes of discontinuity. Singh

(1974) studied Love wave dispersion in a transversely isotropic and latterally inhomogeneous
crustal layer. o .

In the present study we have discussed Love wave propagation in an inhomogeneous and
transversely medium with a column of different elastic properties.

Formulation of the problem

The geometry of the problem is shown in Fig. 1. The system i3 referred to'a_, rectangular
co-ordinate system with z-axis directed vertically downwards and the origin at the free
surface. The column with thickness 2a is inhomogeneous and transversely isotropic.

Let the directional rigidity and density for the coloumn be Ni, L; and py respectively
and for the halfspace be N, L and ¢ respectively, :

The equation of SH-type motion is given by,

o (oen) + 2 (o) = 0 2 | (1)
The displacements independent of the y-coordinate, therefore
oy —
The stresses are given by '
o N av
‘ Try = ix
and Ty =L g‘z‘i . _ (3)
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mmg that the disturbanos frishie medivim hrimphoNarmonie witt: Wine wnhuugufm-
r frequency W, i.e., v er™, the equation (4) becomes,
: g By AN v )R s : ' -
ap*mex"‘“m‘"“”‘—*‘w pv-vo‘ @
- where v is now a fu.ncuon of x and z only.
We assume 'N = Ngq(z), L = L, 1(z) and .p=. g, s(z) for the ha!&p'ace 1 and 11, atid
, for the’ coloumn !\1 = Nig q(z), L; = Lig ©(z) and ¢ L = prg stz), Awf\ere No, Loi po, Nio, Lig
_and pm are comlams
- If we put ' , . : -
_in.order to slrpplfy equation (5),~we get'the equatmns ‘for the ha‘ﬁﬂaoe and for the d0‘oumn a8’
Ovy | Lo i(z) 8% [Ly r(z) { . } ON ] - ]
ax’ No q(z) az-: + NO q(z) (rllr) ir l,r) Noq_._).“w vi 0 o
‘and L)

vy | Ly t(z) 8 | [Lygx{z) - i i O
=+ N & [N el o Frufe) }+ 5! oM R

i“éspectively

. v A 3 e
Where Iy = é; ‘and B 8-3_3 ' .
We assyme the solution of equations in'(7) in the from )
‘ [ Z(z) Aethx 4 Betkx forx < —a,.
I )
WV (x,.2) = *{ Z(z) Cetex 4 D e-ixx for ~a CxCa (8)
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“The !qdm bracket in (H) dtm dﬁchngo i'ﬁ;ho \mlua ol‘lquqmy mamrfp,oe
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Usince w -kc - Iq N where ¢ a.nd o are the’ ph's- Velmﬁu fon?gom,x> aandx
RS AEEE Y4 a respectyely Eqn&mn (l2) ‘éan be written as

4% “slz) Aﬁ vy
ks “‘k' ( i 13
LoranlEe E) W
Equmcm (13) gives the change in the wave qu;nber, asthe wave is ;rammattedfmmthe
haifspace I into the coloumn and fiom the coToumn o the hall‘sp‘ace 11. From boundary
‘ conditions (11) and’ equntwn (8), ‘we get Ch e

P o . o
WL (A e —Befitn) =k, Lyt 1G it Doty ()
Lot (A 6% + B ) = Ly G e 4 Dol (i

(14)

and atx = + a, : ; ,
: ki Lyot (G ekl --w“"} -l LMF e‘*- | (i)
1w 11240 0"‘1‘ -I-B e'“‘l"} - Lé" F e‘” . (iv) |
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Loe Weoe Propagition - 17

Whers &= f]:_ (Iﬁo)* (Lio ki +Lk) ' 2K08
+ (Lo ki—Lo k) ei(k+2k1).a + (1—&' )* (Lyo ky+Lok).

:(k 2k,)a — (Lio ;—Lo ¥) ei(k+2_h)a' s (23)

Transposing in T-ratios, (19) to (23) we get 7
4kLok) L1gCos 2 k kg 2 — 2i (k2 Lg% 4 ky8 Lyg?) sin-2kyn ikl

4, =
ki L
and . : e :
B 2i (L% ky2~Lg2 k?) sin {2k, a) o 2ika 24
D _ 2 (Lso Lo)'/2 (Lyg ky — L) e ~ik—kia (25
A : A
—2ika
F _ (kkLyLge (26)
A Fal
where A =4kk; LyLgcos 2k; a — 2i (Lot k3 + Lot ky?) sin 2k &
Writing % =R eie and -{- = Ry ei‘:
We have
. . (Lip? ke — Lo? k%) sin? 2 ky & — 27
R 4k? k1% Lo® Lyo? cos® 2ky a + (Lg% k¥+Lyp? ky?) sind 2ky a @
4 k2 k12 Lo’ Lm’ (23)

Ryt = 4k2 k1T Lo¥ T30 cos? 2ky a + (Lo3 K3+ Lyg? ky9) min® 2k 2
2k ky Lg Lyg cos 2ky a cos 2k a+(L19;_lq’+14.’ k?) sin 2k, a sin 2k a] (29)
2k kg Lo Lo sin 2k & cos 2k; 8—(Lyof ky3+ Lo? k2) sin 2k; & cos 2k
¢ = tan'1 o (Lo® k34 L;o® k;2) cos 2k a sin 2k; a—2k k; Lo Lig sin 2ka cos 2k1a] (30)
{Lo2 k24TL02 ky2) sin 2k; a sin 2ka + 2k k; Ly Ly cos 2ka cos 2k;a
since there is no accumulation of energy, the relation - .
R2 4 Ry2 = 1, is satisfied.

Equation (27) shows that perfect transmission is possible whensin 2kja = Gie. ky a =
(nmf2),n =0,1,2,..... using the relation w = k; ¢;, we find that prefect transmission
is poss:ble at 1he frequency,

. w = (nxf2a) ¢
- In such case there is no reflected wave and the amp’tude of the transmitted wave is
maximum being equal to the amplitude of the incident wave.

0 = tan"1

-

Love Waves in Layer laying over a half-space
The geometry of the problem is shown in the Fig. 2. The column with thickness 2a

and the half-space is inhomogeneous and transversely isotropic.. The layer g,l‘ thickness h
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o Z([A o XX —tsg b forxﬁ'-wa -
&5 ¥ = Z(z) [C o&“+ D e_ﬁ‘*] ﬁh!’ i ‘<x< 2 _.;‘ ‘ (82
Z(z)Feh Hi fozx?a '

VGe_@ that Z(z) satisfies the ;ql;tt;;n N . e “-’;
2§+“?tN“Ziﬂ A S
for the hulf-fpmwd farithe: éolumn:, | oo T . __“_‘h_' ) o

_’_ + [Pxo h&cl-z-;N: __ k‘i’ Jz -0 L i | (34)
The solution .of {33) can be wruun a8

T zepegekeee
- Pn--c.'_"N. fad ’ )
where =':7'."-'k’[__—‘1-¢ “E}"‘_

L (A.e%lin,,e"“ﬂ)(A¢W+Be"““) forx< a
eI ‘u.‘;’, (x, z} {(A i"”’-{-B e“‘*"" ')(Ce‘“-{-D e-—lkx) for -—-a<x<a (36)

I“"L"V "PL l';n[

(A; e‘ + B., a"“g') T‘e""') f forx =8

Where . (a,)’==k1 [PH%EE} s e ., ) (37)

Now :he equatmn of mon.on l‘o; the half-space can ' be Wmtbn from‘étwaudn (7) by putting
:.{,3_.2-{5,_‘.-‘ ey (z) q ebl r(; = e(pHn)a S Stz) — e“' | t:‘ e (38)
. we get the equatmns for the halfspaee and for the colamn as e . :

ds ds La : |
T T dv‘ + Nlr' d:s‘“ o +[P° W’-'Hl’*m)' N, ]‘Vl =0 |
and . _, . (39)
dl dt T
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Vx(x, 2»)- X(x) Z(z) s -
we get ;o [
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“Then X(x) aad Z(z) iltlsﬁes the following equ"anons, _
X T
d" -+ k¥ X = 0, . s |
d1Z i Trwd no o) ors _ ‘] _
dd [(pol i k )° =} (P+m) Z=0
for the halfspace and for the column - ;' P '. . ERR

3—3‘-+klix-o

dz Z n [( w Nm

dz?
E(jllation (43) can be written =s, -
] . LA
S — [t = e e ™2 m 0
where et = }(p+m)2 and a;’ - (ﬁ;‘ - E: k’)j
Putting . _ .
Z(z) - U(x)’ .- x -—Qn-‘- e-mu/g - ag
Equation(46) reduces to ' -
'+ d_U_(a,a_x:)u=o
is a Bessel’s differential equat:on. Where
281 . = :
#g = —= . . .

The solution of equation (49) is given by,

U = A; Jas(x} + B J-aaix)
The equations (48) and (51) gives

Z(z) = Ay Jaaagim ( 2 8y e"‘“”) + B;Ja-.;,«.,.1 (-—- ag e*m'f’)

The solutmns of equations (42) and (45) can be written as

o (A elxx 4 B e-ikx)" forx < —a
X(x) m ¢ (Cel®* 4 D t’-"'*t 45) for —aKxa
F etkx ,fdrx>a."f'

For equations (6), (40), (52) and (53), we get-

fro? L l':")e-'m—*(F'-I-‘rr'i)’]z_0='-: -

1 ? -
(40)

(41)

i ::"... (m &

(48)

(44),
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(46)
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(49)
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(51

(52)

(53)
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oo for x < —8

and for the medium ~a ¢ x a,

 V(x,z) = Ly —1/2 —(P+m)ll2{51_}’;;lm(_?_.‘e ms}ﬂ)

+ By J-zi/m (-"'- 8 @ “””)}. (CeF* 4 p o ~iki%) (35)
where = ('31 = .Nm h-) - - (36)
and for the medium x>a . o

v(x, 2) =Ly ”23_-(p+m)zl2{ At Jnim ( %1 ag e...mzﬁ)

+ B, J—lulm ( 2 ag e t“zﬂ)}- F o™ | | | (57)

. since dlsplncement vanishes at mﬁmty, we get
B; = 0 and hence (34) reduces to
— - 2  —mzf2
T P L Y N .

( A eik:r. +Be ikx) (58)
The boundary conditions are : : !

(i) The displacement should be continuous ie.,

Viemy at z = 0, and
(ii) the tangential stress should be continuous i.e.
Tys = T'yy at . z=0

(iii) the surface is stress free i.e.

. =0 at zwm—H
From boundary condition (ii) i.e.
2-"._ - atz =0
iz Bz ‘

we have

o 12 * A [ptm | a_s.}.l.-ﬂ 1 & _2_ 1({59
Ao—Bo = — DI RMIRER gy fhpens Lo, ay s 2t (59)
From boundary condition (iii) i.e.

o'

52—-0 at z=—H,
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we have

Ao+ B)tmayH = Ae-Be - (60)
From boundary condition (i), we have L . .
! ' ' .. (61)
| “Ag+ B By Mjh(ml;) S
From equatmns (59) (69) aad(ﬁ;), _w° get 4_ = x oo q
an ,‘H - _[P-l*m _ a'iz:ﬂ(:n ")] . (6

This is the trequency equation for the medivim except the columa. -
Frequency equat:on for the column can be written as

tan a3’ H = _[p+m o+ a;—ag J'au(m )Jug -— ag' )] (63)

- w_here a‘ = gy

>

Numerical Calculations:
For numerical calculations frequency equatxons (62) and (63) can be written as

e YL No i‘ :
N, i (p+mH a Jip+amrns E(X' L, ) 1. | : &4
Y (x. ° ) Y ‘(X’— %’ )* .I(p+m}h; %(X"‘ gf)*] .'
. and ‘

. \ , ‘ .I(n+lm)lm ["'ﬂ(Hl Nm)* ] .
e (Xl | iﬁ)i= Yi((:i;#—‘-)!%g)i Jiotmym [:%:I(xf— Pé‘%ﬂ (65)
Where - s

X = C/fo Y = kH, | ;.
Xy = Clpygy Yy = kH.

‘The values of constants are assumed to be
Np == 2.83 x 1011 dynes/cm?,
Lo == 3.25 x 1011 dynesjcm?®,
pp = 2.85 gm/cm3, '
Njp = 3.45 % 1011 dynesfcm?,
- Lyg = 4.02 X 1011 dynes/cm?,
f1o = 3.05 gmfcm3
pH = 1.68, '
mH = 0,42,
The computations were performed on the electromc computer TDC-S}ﬁ of Kurukshetra
Unwemty, Kurukshntra The group velocity was obtained: by the formuls :

;1*'



Fig. 3 lee and group velocnty curves fer l’\mdamml and firat model

Reflection md Pransmision oaeﬂiﬁmu s funetion ef Mmcy Tiave been “‘Wm’d

by using equations (27) and (28). These’ havd m plowad a8’ fanctiotie of rrequemv in
Figs, 4 and 3, respectively.
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Fig. 3 The iiiinhn of the modulus of the transmission coeﬁcient_ with the frequency

The: problem has been studied on the basis: of mathematical analysis and numerical
computations. The pnase and group velocity curves for the coloumn and the half-space
have been drawn for the first two modes. For the fundamental mode, the phase velocity is
‘lessin the half-space than in the column upto the value of kM = 2.0, and thereafter the
phase velocity in the half-space is more.than the phase velocity in the coloumn. The phase
velocity for the first mode in the half-space is always less than the phase velocity in the
coloumn for all values of frequency. The deviation in the phase velocity at high and low
frequency range is quite small and decreases with higher modes, For waves of small wave
numbers, the group velocity for the fundamental mode decreases repidly with frequency
and is minimum when kH = 0.9. As frequency increases beyond this value, the group
velocity increases, For the first mode, the group velocity is minimum when kH = 1.6,
beyond this value, if the frequency increases the value of the group velocity increases.

From Fig. 4, ‘itis clear'that the value of the modulus of the reflection éoeﬂicie,nt, when
plotted against  frequency, undergoes a series of maxima and minima, the value of which
decreases with the increasing value of X. Similar are the -variations in the value of the
transmission coefficient when ploited against frequency as can be seen from Fig. 8,

L)
L
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