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DYNAMIC ANALYSIS OF MULTI-STOREY-FRAMES
. brBrRCRADRAKRISHNAN® AND Df. N. SUBKABARTAN® = «

Classical Apprbacflti’ e ~ e

The‘modalthipes,rreqmmiésandtﬁe modaidampmg‘ - vabsuohefioahendenos
characteristics of a structure. The free undamped vibration equation of motion is the
basic ono for solving these parameters and isgiven by (1) . . - -

| CMIEHEE= T T T g
The natural frequencles are exactly detérminable froni ibe frequeiioy determinant;
Themndalpaﬂermcanheobtained.fromtbnqn&ﬁnn_ ) ot

, %" [MDix}=0 - T L@y
where {x} is the vector of amplitudes. '

A second method is to convert tho_; eguation Sl) into the mathematical eigen value
problem. Defining D] as the dynamic matrix=[ |- {t], the aquation (1) reduces to the

form f
SIS SRR

The equation (#) I3 in the algebraic form of the cigen valus problem where p* is the cigen
value aihd {x} is the eigen vector. The solution will o{ive, ‘"’ cigen values whijch will
represent the squated-of the ‘2’ natural’ frequencies of vibrgtiofl and ‘4’ eigen vectors
which will be the ‘»’ sets of normalised mode shapes. o

Although equaions (2) and (3) have a compact matrix form, the task of finding
the roots of an ' order determinant becomes laborious and an electronic computer is
required. The solution of equation (4) also involves mathematical techniques and the
use of an electronic computer. ) '

: With frequency equation approach, it is necessary to solve the complete eigen
value problem even if only a‘few of the modes are desived. . ki practice, a kmeniledge of
the lowest or a fow of the lowest frequencies and associated mode shapes are generally
sufficlent for the_ solution of many engincering problems; - - rbeat -
procedures can be used in place of the frequency determinant to obtain the requisite
information only (2, 9. ' Lo e Rananen
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oo A Blbu;l:’s study on cantiver type bﬁ%gs (4)'rev;:}|;d tﬁqat for structurcs
with very. fexjhlp. 3, fhe.period matios 7,/7, and T,/7;aoproaches the qlassical ratios
of 6.?17 0:E,'nd b 6 for?? ungn?ae ca;tlllez;eé ;b;;rsz;?d ﬂe:g:lre. Ty Ty and;' are the natural
petio vibration o amental, modes respectively, - M
-approached heavy rigidity, the period ratios approached the classlvﬁ'l'feu i?é ues o
3and 5. Housner and Brady’s study on a “’iﬁg-wﬁ“’v b.ui{dings_ in
Southern California (5) revealed that the fundamé Best" deicribéd By an
equation of the form: T=a+v/n—b where ‘a’ and ‘b’ are the coefficients defined. from
measured values of periods and ‘»’ is the total number of stories. = | - em
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The codes for earthquake resistizt strictures {B) Biederibe the flindaimental perfiods
and the provisions in the codes of some ‘-’frt,'?ﬁ’ .gop;‘mjies are given in Table 1. _

TABLE I. CODE RULES FOR FUNDAMENTAL PERIQDS
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$.No: Country Formula " Notations Remarks
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-1, Bulgaria 0.19n +_ nr=Number.of Stories  Frames without braces -
‘ H=height () of
buﬂdins T Y S
_ D=depth (m) in direc-
: ' ce e 1 e “ton offseismicférbe‘ _f l‘-_:*;!; f o
YIS I B‘WH/\/- o i B N With‘braces

2. Jndiz  0ln - =do— .. .:Mpment Resistant
“ . ',\.n';.. {.T ‘[; 11 ":::l “= I TRY ‘ - l ';-,'. ﬁm‘s . .
car e L.OOHIVD. .. ldom . Qthers

. 3. Canada'." .. 0.1n" Hand D in fest. ~ Moment resistant
- SR T i : . ) fra;lmes .
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5. Newzeaisnd 0.32VDL20%  —do— ' Coie limitation

0.1n _ —do— Frames
e 0.0SHIVD —do~ - . Frame cum shear wall
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S.No. Country Formaula Notations Remarks
6., Peru . 0.1n _ " Frame -
0.09H/v'D Frame and few shear
_ _ walls
0.07H/vVD —do— Frame with some shear
walls )
0.05H/VD : _ Frame with many shear
walls
7. Phillipines 0.1n Moment resistant
) a frames
0.05H{vD —do— Normal buildings
8. Spain 2n J%—':‘-;;; - m=lumped masses all frames
: u=flexibility
2. USA. 0.1n — Moment resistant frames

MODE SUPERPOSITION OF SPECTRUM RESPONSE

Housner’s average acceleration spectrum and average velocity spectrum for earth-
quakes (7) have been adopted by the Indian Code (8). The maximum response values.
of relative displacement, relative veloctty and absolute acceleration determined for a
single degree olp freedom system by the method of Duhamel integral (9) during the time
history of earthquake are denoted by Sy, Sy and Sa. Plots of §y, S, and S, against
undamped natural periods for various fractions of critical damping provide the earthquake
response spectra for relative displacements, relative velocity and absolute acceleration
respectively. Hudson (10) has demonstrated that if damping is small, approximations
resulting in the following simple relationships can be plausibly made, although no
rigourous demonstration of the errors involved seems possible.

1 , .
Sd—p'_d Sp. V . . .(5)

Sa=Pd h R - (6)
where pg is the damped natural frequency of vibration.

Fig. 1 wouid demonstrate that the Sa values and consequently the S, and §, values
. of the different modes do not occur simultaneously, The values read directly from the
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Dispiacement  Displacement
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(S Spectral max for mode 1
(S‘)l [1] . “n ) e 2 .
. (SC)S ’” ” 1 n
x1n: Disp. of mode 1 at time inst. when mode » disp. is max.
Xnl: Disp. of mode = at time inst. when modei disp. is max.

Fis.l 1. Mode superposition in multi degres of freedqm systems.

Housner’s response spectra provide only valugs of Sy, 8, and S, for each mode. The
total effect of ‘n’ modes considered at the timeé instant when (S4), for mode 1 occurs is

3 xuy and pot £ (Si),, the notations of which have beon explained in Fig 1. The total
rel * am) i e

effect at the time when (Sy); for mode 1 occures is similarly :‘llx,.; and is Jes5 than 3 (Sn.
. : R nw} :

For practical designs, a knowledge as to the number of modes that are significant
and a technique for predicting from the response specira. the total response values of all
modes at the same time instant are required. The modes which are sigaificant are fairly
determinable from the product of equivalent ‘single degree mass of each mode and the
corresponding S,(11). On the basis of - his study on Alexander Buildimg Clough (12)
concluded that on the average, the second and third modes of vibration add about
15 percent to the shear forces developed in'the structure in the first mode of vibration
andp:hat about 36 pereent of the second-mode spectral response value aind 41 percent of
the third-mode spectral response value is present in the maximum fotal shear force,

Biot suggested that a suitable method for mode combination is to take the sum
of the absolute values of the individual modes (9). This would obviously give the worst
possible combination and would thus set an upper bound to the response. Fung and
Barton showed for pulse type excitations that algebraic sum of the indtvidual modes wiil
give'a better value than absolute sum, for higher frequency responses(9). For earth-
quake type excitations, they however prefer the absolute sum, o
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Rosenblueth suggested froth a probabilistic approach that the mode spectral values
may be combined as the square root of the sum of the squares (RSS) which is also
known in earthquake literature as Root mean square value (RMS) (9). Jennings
suggested g refinement involving the average of the absolute sum and the squate root of
the sum of the squares (13). Merchant and Hudson suggested a weighted awerage of
absolute sum and RSS of the form

RS8S+-m (abs. Sum) :
prris )]

Where ‘m’ is & weighting factor by adjusting which the maximum non-conservative
deviation could be limited to any desired level at the expense of an increased number of
positive deviations (13). Husid and Ronnberg (14, 15) demonstrated that for Chimney-
like structures, the RSS method used in several earthquake design codes gives a poor
estimate of the exact response, mostly on the lower side. The Indian standards Institution
in their code IS 1893-1975 have adopted the above idea of Merchant and Hudson to
suggest a weighted average of the form:

r (RSS)+(1—r) (Abs. sum) ..(8)
in which r is a weighting factor having values:

0 .40 for buiiding heights less than 20 m.

0.60 . =40 m,
0.80 ” =60 m,
1.00 » greater than 90 m,

EARTHQUAKE RESISTANT STANDARDS

Codes of most of the countries lay down a psendo dynamic method or modal
analysis for the design of structures against earthquakes depending upon the height and
importance of the structure, The Indian Standard IS: 1893-1975 lays down a pseudo-
dynamic method of seismic coefficients for buildings of heights not exceeding 40m to
90m and arigorous dynamic design for buildings whose height exceeds 90m, The
standards of Aseismic Civil Engineering Construction in Japan lays down a seismic
coefficient method with a provision that other superior methods are also allowed, It is
the normat practice in Japan to adopt the response spectrum method for lowrise buildings
(upto about 10 storeys) and to adopt a rigorous dynamic analysis for higher structures,
The uniform Building Code 1970 Vol. I of U.S.A. lays down a pseudo dynamic system of
design taking into account the principles of dynamic response and also specify factors
conecting period and other parameters of the Building in determining the lateral forces.
The pli'?'vismns of some of the other countries are indicated below im Table 2, with an

asterisk,

The methods of mode superposition for analysis by .response spectra, .as laid
down in some of the codes are liu?:é'pin Table 3. 4

DISCUSSIONS ON CODE PROVISIONS

¢

For dynamic analysis of structures, the parameters of period of free vibration,
mode shape and damping values of the structure are most important. While the period
and mode shapes can be determined in a rigorous manner by the aid of an electronic
digital computer, there should be simpler methods available for determining them at
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- TABLE 2. CODE PROVISIONS FOR- snmemxz
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S. No.  Country Static Pseudo - Modat ‘An&lysi‘s by Rigorous Dynamic
_dynamic_:, Response Spectram Analysis

... Bulgaria _ X
3 “Canada ‘ - e L
. Cuba . .. x % L e
7 Blsalvador - e ‘
France X -
Mexico pd X X
NewZealand

Peru

Phillipines

1 Rumania
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12, Turkey e
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TABLE 3" METHODS OF MOhE SUPERPOSITIONS
' IN VARIOUS CODES o
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SL No. Country . Method Notations ~ Remarks

. India.  RMS o= Same a3 RSS

Poru . RSS -
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I wquatton (4), D 15 ki mmmm—
defined in thcfollov(z?ﬁg form agw i

" L. l? E di

(D] [B]='[B] [4) .o (8)

where [B] is an orthogonal square matmand[A] is a diagona.l ma If thzf above
- equation 8 possible, [A] will give the ‘" values of p? and [B] the n ot‘ vectors of
{x}, whick ary tho desired solutions.

o For_determining the Eigen values and Eigen vectors of a b’ffftcﬂns frame, the
dynamic ' tﬁ&rlx D] is first prepared ter, the procednre is té%idd an #'* order
orthogonal: . B] with element bu, moh that the transform offD}) by [B] is the
diagonal matrix [4]

ie, . [B]fwnif—m | )

As m trix [B] is orthogonal, iplication of both sides of expression (9)

with [B] would result in expression (8) and, hance this procedure. For the transformation

of the d matrix, into & diagonal .‘the Jacobi method is used in the program

(9). Side:bdyside with the diagonalisation of the matrix [D) by iteration, the orthogonal

matrix [B] is also generated under cach step. Each step corrects the values of clements

assigned 1h previous ster, until the diagonalisation is completed and the orthogonal
matrix is simitltaneously formed, according to the convergence criterion defined.

Bmd on the above Jrocedure a computer program was developed in FORTRAN

IV Language fo run on IBM 370/155 machine. le mput data consist of the number of
storeys, storey n_:g;ﬂ'%qe; gd goor masses, The encrates the dynamic matrix
and as explai m!c matnx 18 agona TANd TS SN VANt -
oigen veetors ard determined. , L

[N

SIMPLIFIED muﬂnéns

It was foynd that most real bmld;m;her lie in the shear zone or fall close to
shebr zone of fréfBAcy piftdin Hiid NoAMRIN I Bity-five shear frames
of 5 to 40 storeys, with various column stiffnoss patterns were analysed usm; the co E:ter

“program. From the results,;she, fimdamonjad. period, ' Fnbor. paiform siffness-
mass shear frames is given by following expression

-

r-’%"(l&ﬁﬂ&ﬁ.i v a0

feomt the Vilfhies dfx‘aﬁd th fohdiiiertif &M&mm
oA b d%dw “H High defree e a&hﬁey mpe{;l:i & ¢kiyression by
very simple calculations (16). '
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For the tnpcr suﬁ‘ness frames, (thh their stiﬂ‘nesees‘ ‘increasing from top fo
bottom at a uniform rate per ﬂoor) a moment of i at ameter f, 1s
bottom & S P
(*"f‘ VR RIIETS Irs ]
gurer ’JMHMJ"MQ!‘ m)/{m»fmmomm ol

gy wanrtt - ning Ditae caetifo e my ST O i:f" TN,

- Forien taies, me mmmmmw in-goo byzamqumm S

RI L0 A

wio T"—“g_ﬁ‘.’f.":h?ﬁ'!hfﬁ'g‘) &g +++(12)

whm;lhmmlm pt‘y. ,.€ mgammen,m b,lﬁrﬁ,\ -For other va.lmsuofﬂ:hc ﬁﬂ{qm

canbe.interpolated.. tfeo AL ﬁ“’ }amog de.shapes 'ﬁy{q heen wor ed;g
n

form for thcse frames ot in¢ ud’ed here or brew.ty



G D et B o E-SPO Polidest &
TABLE 57 ‘cOBHMCi@ S ¥R HAMR s AR ILDINGS

et s Ve T, . . = e v ., 45 b Y g e v e e s e AT BT e . b

L

soanfasbans

EO ¥ :-:':"Jf]f)'.;‘-'l 7- "TizyK (Wf-l'bﬂ""cn-]-d) :
T f . Ta Y ... ¢ .4

(53 PEEM I 3 AT «

1, 17" —0.0000579 16003805 ~ 145193447 7.540182

LI B ;
FAFISCINEL I D X L

| ! ) ©at e eibalil -
2. 1} - 0.0007248 -~ ¥3.270240 .. ;. f.,-_,32,883§§ 3 324875

PR
Ladt ot Gil0 s1fd

adpa fii 4

3. 1k, 0.0023351  13.221467 ., ... %2900 3.963298

4, 1379 0.0038194  13.271370 _20.113;35??? 6.089831

et

! EEENEE SR
5. I 0.0025998 84%YIN6 - <18, 76490 7.288665

5o LiF

B . Lo 4 A

6. b, 0.0012878 . 13551899 . .MG63THT  7.287244
R ST G st
[N TR N TR AR bt VI, T LW s 4 1

Pl il : B

COHPAMSfPN . o v:‘.‘i‘tigu;m‘l T

‘ PRI O PN TR FIRICRAE S SRR £ T S {D
For‘comparison an uniform stiffness-uriifors [ S Sstokbyed building frame with

the followiagvalues of mass and stiffness are taken. M, (i1 t0i8)<86.83 kg 5* cm™2,
ki (i=1 to 5)e=41, 943 kg cm, H=12m, D=9 m. The valueysfoupd out by using
various, formulae are given in Table 6. From this table _i_thiz&foundﬁthat the opos:ﬁ
equation*ghes more reliable values than the formulad‘dugpest abgfthe'standaﬁtﬂodgs.
: Ve w R o __,.,-,3 H

sl
FELE AR

From Table 4, the second, third, fourth and fith mode frequencies are.; found out
a3 0.3441 5, 02185 0- 17057 5id 0. 1495 Tespectively. These ~values tally exactly” with

the values calculated ;by 3 tigorous compplerapplysis, namely Tym=0.344, Fom0. 2183,
T;’ﬁg.'is"gg?}i } N f"'3; fr ,,g&?aﬂ?@:ﬂ‘x 's,wts%&d}ﬂmor. " ‘l
s—;wol 1'?iét' d’ﬁ . ’aq'i_ -si i At LE ] g 9 ‘cs’ i N;I‘Dxe’& Ol'-.f y .ﬁkwlt :
dccodnt-the motient of ihertid variation of the columns. ~ Hence the Aroposed.
are more useful for any general frame and could be included in the in’di"an ‘co
obtaining more reasonable and accurate results. ' .

SUMMARY AND CONCLUSION . . . .

" oy v onafisinn

ﬁ'eflre jew is made on, ghe ¥arious methads 1, per
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standards of various countries are discussed. A rigorous computer method developed
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~ Bulgaria code

@ Frame
“@iy" Prame with Tow sheir walls
(iii) Frame with some shear walls

~-Liv).. Erame with many shear walls

Hiie et '-;:L;J:;.-

Phillipines
(i) Moment Resistant frames
). Normal hmlﬁng

. Swn

vsa e e
Ny ?rmsedsamoa

Compul!er solut:on _

rter dihT

(@) - Frames without braces : 0.95
(ii) With bt’acésA 0.36
Indian code
")~ Moment resistant frames 0.5
— . (i Other frames 0.36
") - Moment resistint frames 0.5
- (i) .Other frames. 0.362 _
g - 0.652
NewZealand
(i) Frames 0.5
v} Frame cum.shear wajl ek L 0.3¢3
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