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FREE VIBRATION OF ELASTIC MEDIUM 

R. NARAYANA lYENGER' AND P. NARASIMHA RAO' 

INTRODUCTION 

The dynamics of elastic m~dia has been studied in the past mainly from the wave 
propagation point of view (Ewing et ai, 1957). This is probably because of the importance of 
such problems in fields like geophysics, wherein one mostly considers layers of infinite length 
or layers of infinite depth. However, while considering finite elastic media the approach of 
the theory of vibrations would be more informative and useful. As an example the 
inplane vibrations of a gravity dam idealized as a thin rectangular medium can be cited. 
Also in dynamic soil-structure interaction studies the foundation may sometimes be 
modelled as a two-dimensional elastic medium of finite depth and width, resting on a 
rock bed. In such problems probably the most desired results are the natural frequncies 
and 1)10de shapes for the free vibration of the two·dimensional medium. These can be 
used invariably in forced vibration studies. These modelling of soil deposits as elastic 
continua for purposes of dynamic analysis is not new. Previously Idriss (1968) and Idriss 
and Seed (1967, 1968, 1970) while studying the seismic response of soil layers, have suggested 
an one-dimensional analysis for semi-infinite layers. Clough and Chopra (1966) have ana' 
lysed an earth dam section as a two-dimensional elastic medium by the finite element 
method. Eernisse (1966) has considered two-dimensional problems in dynamic elasticity for 
which closed form solutions are generally not available. Exact solutions may not be 
possible because of the complicated boundary conditions tbat are to be satisfied at the edges. 
Nevertheless, general expressions for the eigenfunctions would be most desirable since the 
forced response can be expanded as a series in terms of these functions. 

Herein, the natural frequencies and mode shapes in closed form are found for a 
finite elastic medium under two typical sets of boundary conditions. The medium is 
assumed to be held at the lower edge against displacements and is taken to be stress free 
at the top. These are infact the conditions met in practice also. For the lateral edges 
two variants in the conditions are used. An orthogonality relationship of the modes is 
also presented in tbe sequel. 

TWO-DIMENSIONAL MEDIUM 

The system under consideration is a rectangular elastic medium as shown in Figure I. 
For the inplane vibrations of the medium tbe equations of motion are (Ewing et ai, 1957) 

, 
Fig. 1. The two-dimensional elastlc-med.iu •. 
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