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and stiffness of glrders The method hc;o t‘icatm m‘t:e J coefficient matf::
for an equivajant lumped mass mathema mo girder! The netirsl '
. quencies are obtained by matrix iteration that yields the frequencies aﬁpodel in ascending -
order, hence the method is suitable for tompufing sespasse to any iynannc load. The
present analysis considers both bending and toriional v:buﬁons

METHOD OF ANALYSIS

The continuous curved girder is replaced by dmcrete Iumped mass system. The masses
» monnected to each other by massiess ﬂnxlble springs. following assumptions are
e

‘1. Only the out of plane dlsplmmonts are considered and taken as small.
2. All stresses and deformations are within the elastic limits of the material.

3. Both bending and torsional deformations and considerod. Tho offect of shearing
dpformm rotatory inertia and axial forces are neglected. :

4. Bach mass is considered to have degree of freedom in tranalation and twist,
Consider two tamped masses m, and m. as shown i n; Fig 1. The subscripts vandt
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are used to distinguish between vertical'and rotational displacements and loads respectively.
For instance 8}3‘ is the vertical displacement at i caused by unit torsional moment at j,
The equation of motion for free undamped vibration can be written as:

Y= "‘m1.3}1 3 “'mzs;n 8:; —~1:4, 3‘1’:“129.2 3}:

Vo= —1my; 8y "msjfs 85 —Lb, 8::"'129‘2 8;:

B,=—m,y, Blt:_mlya 8::"119.1 6t1t1—12'3.z 8:;

0= —m,y, 8:: —Im,Y, 5::“119.1 8?1‘129.2 3?; ool

where y, and 6, denote the component of vertical deflection and twist respectively for mass
m, in the positive direction, y, and §, represent the component of accelerations of mass m,

in the positive direction. y,, 0,, ys and §, represent the corresponding quantities for
mass m,. I, and I, are torsional constant for the cross-section at the masses m; and m,
respectively. By assuming the solution as, _
y;=A, Sin pt ; y,=A, Sinpt
_ 0,=A, Sinpt ; 6,=A, Sin pt .2
and substituting in Eq. 1 and simplifying, the following equations are obtained,

1
: (mxsx—‘pT) Aytm, 8A 4T 3:: Aa+128g A=0

1 v
m,3)) A+ (m28;: - p—3) Ay HES) AL 8% A=0

m,3% A +m,5% A,+(Ilb‘§t1_1% ) A+13% A —0
m,3L A+ my3tA, + 15 A3+(Izs;;_b.§) A=0 .3
For a non-trivial solution of Equation 3,
(matr—5)  maw R
may (o) W |
m] myy (W)
. mﬁi‘I mzsg 113;: ' (Izszt:—‘plz) 4

By solving this frequency determinant, four values of p? can be obtained and for each
value of p?, there is a set of vectors defining the mode shapes. For the general case of
n masses, the equations of motion may be expressed in the form,

[GIH[M] {U} + {U} = {0} .5
where { U} is the column matrix consisting of vertical displacements and twists of masses;
[G]is a square matrix for flexibility coeflicients of order 2n and [ M ] is a diagonal matrix
;)gf g&e_r 2(111. Assuming the solutjon of Eq. 5 to be {U}?gfpt{tbg, the following equation

lamed, ) ' ' -

i
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| (61 1M] (@)=; (@} ‘ | -6
Equation (6) is the matrix formulation of the undamped free vibration problem in which
—-isthe eigen value and {®} is the eigen vector. Determination of eigen value and eigen
vector yield the frequency and mode shape réspectively. o

Flexibility coefficients of curved girder :

The deflection at any point can be determined by considering strain energy due to
flexure and torsional deformations,

_2V_(Ma oMy oo (M 0M,
81J_aw= Bl aw ds-[-sa-j S ds )

in which 3, is the deflection at any point i due to unit load at j» For arbitrary shape of
the girder axis and any variation of girder cross-section the direct integration of above
equation is not possible. Therefore, numerical integration is restored. To get a good
precision, the girder axis has been divided into thirty segments for deflection calculations.
The deflections are calculated at the places where masses are concentrated. In the
present analysis the masses are concentrated symmetrically with respect to axis of symmetry
and they are located at the centres of segments. The advantage of symmetry and reci-
procal relationship is taken in order to avoid duplication in numerical work. The frequencies
and modes are computed by the matrix iteration procedure. The numerical computations
are carried out on IBM 1620 computer.

“RAYLEIGH-RITZ METHOD

The following expressions for potential energy V and kinetic energy T could be written
for curved girder, as shown in Fig, 2.

{5

‘Fig. 2. Sign Convention for forces and
coordinate system
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in which p==mass density of ma.tenal of girder, A,=the area of cross-section, EI-=flexural
rigidity of girder section, Gly=torsional rigidity of girder section, y=vertical deflection,
O=twist, L=Curved length of girder. For the girder fixed at ends the following boundary
condltlons are satisfied.

y-—-—g—:’=6=0 for s=0and s=L L))
The following mode shape function are assumed in terms of arbitrary constants A and B,

y=A Ll —CO0§ gﬁs] Sin pt

6=B Sin - T ¥ Sin pt ' ..(10)

By inserting Eq. 10 into Eq. 8 and equating Vymay=Tmax, the following equation is
obtained,

PR g '
EI[Z Bt u? 1248 APt 432 ABro L :]+GI,,[ B i Lt 8A%e2 452 ABralL ]
__d>2 A s Ii o
- {(3A +AcB) e
. . . ap? o2 . . .
in which @?=pp® L%, By expressing that :5X=—a-§-=0, the following determinant is
obtained:
B B o 12
. . y Ayp (12
in which,
ap=4% A, ¥?—8 = (n? EI4-? GIp)
a12=a21:""‘ ? ™o L (EI+GIP)
By= 22— L® (2 - BhaAsl) ) ...(13)

The zeros of determinant will give the frequency of the curved girder,

EXAMPLES OF CURVED GIRDER

The following three problems are solved in order to demonstrate the use of numerical
method presented herein. In these problems: E=2x10® t/m?, G=1%10f t/m® and
Unit weight=2.4 t/m®. :

Problem 1,
Shape of girder Circular
Cross section Rectangular, width=0. 5m, depth=1.0 m
o Span I0m
adius 18.7m
ment of Inertia 0.0417 mt
Térsional constant 0.052 mt
Problem 2,
Shape of girder Parabolic

Cross section ' Circular, diameter=1.5m
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Span ' . T30 m
Rise . . . . S 3m
Moment of inertia 0.252 m*
Torsional constant 0.126 m?
Problem 3.
Shape of girder Parabolic : A
Cross section Rectangular, width=0.5 m depth=1.0m
Span 30m .
Rise . : Im
Moment of inertia 0.0417 m4
Torsional constant 0.052 m?

RESULTS OF ANALYSIS

Natural frequencies and mode shapes for the three problems are obtained for four,

six and eight lumped masses. _ The natural frequencies are tabulated in Tables 1,2 and 3.
The mode shapes for the vertical deflection and twist for eight lumped masses are shown

in Figures 3to 5. The following significant results are establishéd {rom the study of the
above problems:—

1.

From Tables 1, 2and 3 it is seen that frequenciés of first and second mode of
vibration do not differ much for different number of masses, that is, first two
frequencies can be determined from an eight mass lumped system of curved girder.

It is seen that Rayleigh frequency based on static deflections of lumped mass system

isin close agreement with the first frequency obtained from flexibility cocfficient
(Tables 1, 2 and 3).

The frequency for a uniform circular girder using Rayleigh-Ritz method is in
agreement with the frequency obtained from flexibility coefficient method within 37;.

The frequencies of curved girder in Tables 1, 2 and 3 are also compared with those of
equivalent fixed beams having span equalto curved length of beam. These results
do not agree with those obtained from flexibility matrix and the frequencies of
curved beam are much less than those of fixed straight beams.

From the mode shapes of circular and parabolic girder, Figures 3 to 5, it is seen
that first mode is symmetrical and second antisymmetrical.
B TABLE NO. |
Frequencies in R/S for Circular Curved Girder of Rectangular Cross-Section

Frequency from in- .Frequency for

oy Rayleigh’s - Frequency
fluence c:ﬁei:fliclcnt frequency qug\g.l:?; based on
Number of metho based on xed be Rayleigh-
masses Static Ritz
First Second Third deflection First  Second Method
Mode Mode Mode
4 3.00 9.6l - 8.05
6 = 7.60 8.99 — 7.65

8 7.49 8.82 48.71 7.52 15.70 43.4 7.70
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TABLE NO, 2
Frequencies in R/S for Parabolic Curved Girder of Circular Cross-section

Frequency from

I igh’ | for Equivalent fixed
inﬂuenc:et gggﬂiclent If{ra;gl]iﬁlz; Frequency (geaxg l
Number of me baésed'on
masses ‘ tatic o d
First Second Third  Deflection ]&;?‘, %Im
Mode Mode Mode e
4 8.72 10.25 —_ 8.81
6 8.31 9.65 —_— 8.37
8 8.24 9.53  60.09 8.29 9.77 26.8
TABLE NO. 3

Frequencies in R/S for Parabolic Curved Girder of Rectangular Cross-section

Frequency from

Number of metho based. on
masses Static .
First Second Third Deflection Ia"gt ﬁco;ad
Mode Mode  Mode ode . ode
4 1051 12.44  — 10.62
6 10.04 11.72 — 10.15
8 9.89 11.47 7048 9.9 19.1 52.6
CONCLUSIONS

From the study presented here the following conclusions are detived:

1. A numerical method is presented using flexibility coefficients for obtaining natural
frequencies and modes of a symmetrical fixed single span curved girder of arbitrary

shape and arbitrary stiffness considering bending and torsion. Any number of modes
can be determined from this method,

2. The numerical method is used to obtain frequencies of circular and parabolic girders.

The fundamental frequency of circular girder has close agreement with that obtained
from Rayleigh-—Ritz procedure,

3. First two modes of vibration can be obtained from an eight mass lumped system,
Higher modes can be determined using more number of masses.
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