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Summary

Method of initial parameter, originally developed for static problems is extended to
solve the initial value and forced vibration problems of beams. Two examples are worked

out. This method is particularly useful in cases of concentrated forces and moments, and
time dependent boundry conditions. ‘

Introduction

Analysis of beam vibrations due to initial conditions as well as due to external excit-
ing forces is a classical one, Vibration problem can be apalysed both by method of separa-
ticn of variables and oprational methods, where natural frequencies are obtained through a
characteristic equation, and then the corresponding mode shapes are found. Using the
orthoganality property, that exists, among mode shapes, initial value broblem as well as
forced vibration problem can be solved. ‘ o .

In this paper, method of initial parameters, originally developed for static problems
(1, 2)** is extended to beam. vibration problems. Applying Laplace transform to Euler-
Bernoulli equation, the equation governing the beam vibration is reduced to contain only the
space variable. This transformed equation along with the transformed initial and boundary
conditions is sol ved by the method of initial parameters. The inverse transform then gives
the complete solution.

Method of Analysis :
The Buler-Bernoulli equation governing the transverse vibration of a uniform beam is

o' w 0 ‘
EI-—7x, t)+ma_:;’(x, H = aqx0. B

Where o ) | ,
EI = flexural rigidity of a beam
m == ass per "unit length
W (x,t) = transverse deflection

q (x, t) = is the external exciting foree
T..e initial condition are ‘
ow
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. Thp beam has four boundry conditions, two at each end. There may be any combina-
tion of hinged, clamped, free and elastic supports. Taking the Laplace transform of equa-
tion (1), we obtain ‘

.%%VZ(X, s) + % $*W (x,s) =E—%(x,s)+%syo(x)%&ol(x) | 3
where g (x,8) = I < g (x, t) et dt and s is a trar{sformed parameter.
The solution of the homogenoeous part of this equation (3) is |
\TV'(x,s)=Asian+BcosBx+Csinth+Dcosth. (4)
where Bt = — EEI s? . | (5)

Define the initial parameters as follows

W(0,8) = W (s)

6(0,s = W0, = B, (s)

M (0,s)= — E1W” (0,8) = M (s) ‘

V(o,8)=—EI W (0,5)= v, (s), : o (6)
where prime indicates derivative with respect to x.  Using the equation (6) the four constants

A, B,Cand D in equation (4) can be found in terms of initial parameters W,, 6o, Mo and
Vo The equation (4) in terms of initial parameters will be

W9 = Wi 00+ T h B+ o + B B2, ™
where

fi(Bx) =13 (cos Bx + cosh B x)
LEx)=4(¢inpx + sinh g8 x)

fs (Bx) = % (cos B x — cosh B x)

fs (Bx) = } (sin 8 x — sinh B x). 8)

Case 1: Beam having a concentrated load P (1)
at x = . (Figure 1). Since we know two of the four
initial parameters at x = 0, there will remain only two |
unknown parameters in equation (7). For the range 5
0 <x < £ the equation (7) holds good as there is no Lﬁﬁ\%~_‘j
transverse load on the beam. We can write I

Wi (X, 8) = W (%, s) 0<x <t 9)
Since we have a concentrated load at x=£ we can consider this as a jump in shear and
write_down the shear condition as ‘
v s)=—P (s). ‘ (10)
Fortherange £<x <, W(x, ) =W, (x,5) +W, (&, 5) an
where w, (%, 5) represents the additional deflection due to the jump in shear given in equation
(10), and # = x—&. |
To find W, (3, 5), let us imagine a fictitious beam for the range E<x < 1.

T Ty o s
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For this beam the following are the injtia] parameters :
W3 (0, 5) =0
9—2- (Oo ) =0
M3 (0,8) = —EIW," (0,5) =0 (12)
V2(0,8) = —BIW,” = —p (s).

W, (%, 8) is in the form of equation (7) except instead of x we have . Using equation (12),
we obtain

Wy %, 8)= — g% fy (B %). | a3
Hence, the complete solution, equation (11), can be written as '
— ‘ ‘ 5_ K Mo Vo ‘ P (s) )
W (x,5) = wo fi (Bx) + —BQ' f2 (Bx) + mg fs (Bx) + Bl fy (Bx) — 11%8{33 fy (8 %). (149)

~The remaining two parameters can be found from the transformed boundary conditions
at x=1. Taking the inverse Laplace transform of equation (14), we can obtain the required
solution w (x, t). .

M)

— v ey
Case 2 : Beam having a concentrated moment M
M. (1) at x=E. (Figure 2). In this case there js a jump \'f
in moment at x=¢, Following in a similar manners L_M-Mm 4

as Case 1 solution can be obtained as

FIG. 2
_ - B0 Mo v, Me (s ’
L S LY R R P N as)
- Case3: Beam subjected to arbitary load of Q )
intensity Q (x, t). (Figure 3); _ I I
In this case we can take £ S
I’(S)=Q(€,S)dsatx=§andllggglz. L &;D_J
Following in a similar manner as Case 1, we R 1 .
can write . l
FIG, 3
- . ‘ — _-—’ kY ‘7 ]
W (X, §) = W, f; (BX) + ng fa (Bx) + Eﬁ%g(px) + E—I?as fa (B x) —
1 X _

Considering Q (%,s) = ESI—(E,, 8) 4+ EEEI— yo (§) + % Yo (§), equation (16) rep:eSents

solution to initial value problem as well as forced vibration problem,

Example 1 : Forced—vibration of a simply supported beam with a time dependent
load at an arbitary point on the beam.

, In this case the initial displacement and initial velocity of the beam are taken as zero
fi-e., Yo (x) =yo(x) = 0]. ‘
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The solution for this problem is given by equation (14) with the follewing values of
the initial parameters.

ﬁo = 0 :
ﬁo = 0 ‘ i - (17)
_z_f’ls) ﬂ(ﬁi)fz(ﬁj)——f,(ﬁl)ﬂ(,@])}
6 = ETp LD — (8D
v — 5 fs(B])fa(QI)—ﬁ;‘B”fs(Bh}
Vo=F() { RRED =D |
Substituting equation ( 17) into equation (14), the transformed deflection is given by

= __ B (s) 1 sin B & sin B (1-x) sinh 8 € sinh B (I-X) }
- W“’”“WI"F{ sin B 1 - sinh Bl

After taking inverse Laplace transform of cquation (18), the deflection is given by

(18)

w(x,'t)-.-_--J‘t P(t—r<)F(r)dr o (19)

where

: & . amx
Fiy=3 F:m?mnsmn?g.smnl . sin @y} | 0

and

wp = n? 58 EI : (21)
. N mIF ”
Taking P (t) = A, Sin Q t, the deflection is given by

2A. < sinnw“5 Sinnvrx'
w(x,t)::—-‘-—“Z 1 ’ I eopsinQt —Qsinegt

m l, n=1 “n (2n® — QY
Equation (22) checks with the value given in Reference [3].

(22)

Example 2 : A simply supported beam subjected to prescribed end motion.

Here the boundry conditions are
' w. (0,t) =0
W (0,i) =0

w (Lt) =f(1)
wi(l,t) =0

The solution is still given by equation (14) without the last term, with the following values
of the initial parameters

Wo = 0
io-‘o

= BAHEGD 2
b = 1O mEy-raE) | @)

= - fa@pn
Vo =—T®- Bl momh—town
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The transformed defleciion is given by .

sin B x sinh B 1 + sin hg x sin B 1 (24)
‘ 2 sin B 1sinh B 1

After the inverse transform, the deflection is given by

W (x,8) = T(s)

t : '
W (%, 1) -_—'[ ft—7)F (v d (@26)
o
where
< 2
— _ “n .. NTX . ‘
F (t) fz (=1t 2 sin —— sinon t 26)
n=1
where
JBI

wyp =n¥7? [—0
m J¢

Taking f (t) = Bo sin t, the deflection is given by

(= of
W (x’ t) — Boz (_1)n+‘1 -Eﬂ_(zg;-sin)_—ﬂi)(mn sinQt—Q sin O t) Sinn T X (27)
n=1
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