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A NOTE ON cCOMPUTING THE CONTRIBUTION OF ROCKING EXCI-
TATION TO EARTHQUAKE RESPONSE OF SIMPLE BUILDINGS

by
I. D. GUPTA* AND M, D, TRIFUNAC**

INTRODUCTION

It has been recognized by a number of investigators that the rocking
excitation during strong earthquake ground motion may contribute signi-
ficantly to .the overall response of structures, Studies by Bielak, 1978;
Yim et al., 1980; Ishiyama, 1982; Psycharis and Jennings, 1983; Koh and
Spanos, 1984; Kashefi and Trifunac, 1986 and Gupta and Trifunac, 1987
have indiceted the importance of studying the rocking contribution to the
total response of structuras,

At present there are no recorded strong motion rocking
accelerograms, However. by using the theory of elastic wave propagation
in layered medium it can be shown that the rocking accelerations are related
to the translational accelerations of ground motion ( Trifunac, 1982 ).
‘Therefore, it is posgible to generate tha rocking accelerograms from the
recorded componants of translational acceleration (Lee and Trifunac, 1987)

For multi-degree-of-freedom systems, the simplest and the commonly
used practice for anslyzing the structural response under translational
excitation is the use of some response spectrum superposition method.
Therefore, it is natural to extend the spectrum approach for analyzing the
rocking contribution to the response also. Amini and Trifunac (1988) and
Gupta and Trifunac (1987) have proposed 8 new statistical approach for
response spectrum superposition, which give excellant egreement with the
time history salutions for the case of translational response. This approach
can also provide the amplitudes of all the significant pdaks of the response
which is not possible from other conventienal methods, It will ‘be shown
here that their statistical method of spectrum superposition can be used for
studying the rocking responses also. An example will be presented to
illustrate the contributton of rocking excitations to total maximum response.
Effects of varying the heights of building stories, the dimensions ot the
floors, and changes of the minimecm shear wave velocitv in the layered
ground, on the additional contribution to response due to free-field rocking
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excitations, will- be investigated. This will provide an idea abdut the condi-
tions under which rocking response is significant. :

ROCKING

To use the, statistical method of Gupta and Trifunac (198T) for spec-
trum superposition, which is based on the order statistics of peaks and te
find the contribution of the rocking accela;atipns to the the total response
of a structure, one should have the Fourier and the response spectra of the
input rocking ground acceleration.’ Lee and Trifunace (1987) have
proposed analytical pracedures for finding fhe rocking ground
motions and their spectra, directly from the translation ground
motions Following tne ideas of Newmark (1969), Nathan and
Mackenzie (1975) found the time history of rotational motion
from the two translational components by using the differences betwsen
the translations at opposite edges of the foundation, and thus they accoun-
ted for the averaging effects of the foundation size. In this method for
generating the rotationat accelerograms, translational time histories have to
be differentiated. 180 and Hsu (1978) presented a scheme for computing
the rotational spectra which eliminates differentiation of the acceleration
records. The ‘methods of Newmark (1968), Nathan and Mackenzie (1976}
and Tso and Hsu (1978) for computing rotational ground motions and their
response spectra assume horizontally travelling seismic waves of constant
shapes and velocities, and thus, neglect the dispersive nature of seismic
waves In the present work we shall find the rocking spectra by using a -
a procedure based on the studies by Lee end Trifunac (1987). Considering
the wave propagation in elastic layered medium, Lee and Trifunac have
introduced the effects of wave dispersion and transient arrivels in their
mzthod of generating artificial rocking accelerograms., They have shown
that the rocking ¥y, Figures 1 and 2 is related to the translational compo-
nent uy, by .

T lw (1)
Y9 = i-— Ug

C
In this expression, w is the circular frequency and C is the phase velocity of

surface waves, j= \/— -1 and u,'is the vertical motion associated with inci-

dent P and / or SV waves (Figures 1 and 2).
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Fig. 1 Coordinate system for incident P-wave (from Trifunae, 1982).
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Fig. 2 Coordinate system for incident SV-wave (from Trifunac, 1582),

where A3 (w) is the Fourther spectrum of u;,.

From equetion (2) and (3) it is seen that the velocity representing the
overall trend of the ratios of rotational to translational spectra is not cons-
tant. It changes from Bmp for (w—>c0 ) to Bmax (forw —0). A good
approximation for the variation of velecity with frequency may be the
harmonic mean of the phase velocities of various modes available at a
particular frequency. Lee and Trifunac (1987) have shown that approxi-
mating the behavior of log ;o [I'¥i/IAl] versus log,, [Period] by a straight
line joining the asymptotic ievels, is a good approximation, Therefore, in
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the present study, we shall compute the rocking spectra, W13 (), by using
their approximation,

In the above discussion we employed the notation of Les and Trifunac
(1987). in the following equaticns, however, ¥,; will be'designatad by Ogr,
the horizontal motion u, by zand the vertical ground motion u; will be
neglected in computing the structural response,

COMBINED TRANSLATIONAL AND ROCKING RESPONSE

To find the contribution from the rocking motion to the lateral response
of a structure, we model the structure by concentrated masses, springs
and dashpots, Figure 3 shows the lateral deformation of the structure due
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Fig. 3. Total Shear Deformation of a Muiti-Story Structure due to Combi
ned Translational and Rocking Excitation of tne Ground.

to simultaneous action of the translational, z (t). and the rocking, Or (t),
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components of earthquake ground motion. The total relative lateral dis-

placement at the i - th level. X' is the sum of the relative displacement

xi due to translational acceleration z, and an additional: relative displace-

ment xr due to the acceleration H, 6r acting st the i-th level due to ground

rocking, Thus the equations of motion for the structure of Figure 3 canbe.
‘written in matrix from as

mnmaﬂmﬁm+muw=&mnmﬁmumh

In this equation, {x,} is the total relative displacement vector,and {H} is
the story height vector

x| tot H,

X .
{mal=g 120 L . and py=q Mo (5)

xntot Hn

[m], [C] and [K] represent mass, damping and stiffness matrices, Equations
(4) can be uncoupled by the transformation
{ Xtot }=[A] {Eect} . (8)
Using this transformation, the equation of motion for the j-th mode is
written as

Ejtor + 2% + whBtot = — Zay — OrxHy, (7)
where «, is the mode participation factor for the translation regponse,

T
- LR L Ry P 8)
{Al} © [m] {A}}
and aH, is the participation factor for rocking response

T. -
¢H' = w ,j = 1,2;..-." . (9)
{Al} "[m] {A%}

From equation (7), the contribution of the j-th mods to the total displa-
cement energy spectrum at the i-th level can be written as (e.9. see equa-
tion (23) in Aminiand Trifunac, 1985 or equation A.7 in Gupta and
Trifunac, 1987)

3 H .
Ey () = % Ay [o 2 (m‘,‘)C ,:.,“H' HR (o)]?

where HR is the averace value of the Fourier spectrum amplitudes, Hg, of

3((0—&3]) . (10)

the rocking accelérogram ﬂa ovar the freqd‘er"idy band of width =¥«
centered at w; . “z (wy) is the average valqg for the Fourier spectrum of z,

Thus the energy density of the latersl displacement response of the
i-th floor is given by



78 Bulletin of the Indian Socisty of Esrthquake Technology, June 1988

Aayley 2 (wg) +aH! He(o;)]2
Ay

3(w—ay). (11)

10
ED1((.)) = _21511 (m) =T zZ -

Similarly, using the results of Amini and Trifunac (1 985) or Gupta end
Trifunac (1987) the energy spectra ES; () and EM; (w) for the shear and
bending moment responses of the i-th level can be wmten as

ES: (w) = _1_ 3 1(m1Au + MyAg+ ... + mxﬂzg'[ﬂ: z (ws)*l-aHsHR(ﬂu)]zm:
T =
X¥(w—ay) - (12)
EM; () 1 'lz‘. g
(o) = L
! T k=tj=I| B
hte(myAy+myAsi+ .- myAus)2[ay 2 (@) + aHiHR {0)]% -¥(o—awy), (13)

a5

Knowing the energy density spectra ED, (@) ES; (w) and EM, {w) for
the displacement, base shear and overturning moment responses at the i-th
level, due to\tho combined translational ‘and rocking excifation, one can
compute their zeroth, second and fourth order moments Moy, My and my,,
Using these, one can find the par:meters a;, e and N; for scaling the
probability distribution function of the peaks of the tesponses (Amim and
Trifunac, 1986; Gupta and Trifunac, 1987. Values of &g and a,u, for the
parameter a can also be determind by using the precedure of Aminl and

Trifunac (1985).

The maximum displicement, Dy;, at the i-th mode is given by
Dy=Aqy[a;SDy+aH;SDGR]. ) : 1
The maximum shear force S;; and maximum’ overturmn. moment My are,
similarly, given by

Sy=(mAy+-mzAy+ .. ... m:Au)m ,[u,SD+H,SDO,n] (15)
Myj=(him, Au+h:(!“1-‘5«u+n‘w“\u)+
+hi(m1AlJ+maAﬂ4‘ +mtAu)ng(a;SD,-]-aH,SDB,R] (18)

Using these results, the expected and the most probable values of
maximum displacement, shear force and bending moment responses at
various levels of a structure can be evaluated by using the ordar statistics

formulation of Gupta and Trifunac (1987). : P
AN APPLICATION TO THE RESPONSE OF A THREE STORY BUILDING

The preceding analysis Is illustrated here for a simpie three story
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structure. The elevation of the building is shown in Figure 4, It is sssumed
that the building has rigid floors. Further, without loss of genearlity, it is
assumed that the structure is subjected to ground acceleration z (t) in
x-direction only and has only translational (shear) degree of freedom in
th's direction. The mass matrix of the structure is chosen to be

FLOOR 3 PP 7> —1

3.66m

FLOOR 2 2 > >3~ F

3.66m

FLOOR 1 T

366m

— Z (1)
GROUND

Fig. 4 Elevation of the Example Structurs.

175.13 0 0
0 262.70 0 ( "Nn-ls’ ) (17)
0 0 35026

[m]=
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The stiffness matrix is assumed to be

1 -1 0
[KI=105x10s ] —1 3 ~2 (kN/m). (18)
, 0 —2 §

Solving the sigen value problem, the modal frequencies and eigenvectors
have been found. Modal frequency vector is

I 146
= 311 % adse, | (19)
46.1
The matrix of mo'dal eigenvectors is
T 1.0 1.0 1.0
[A]= 0644 —-O.GQt -2.67 | | (20)
0300 —0678 2,47

The mode partici;-:ation factors are found to be
1.424

S P

Using [m] and [A], one can find the values of gH, for any story height
vector {H}. The fractions of critical dampings, ¥;, have been chosen a8 0.05
for all the modes of vibration,

Keeping the values of damping, mass and stiffness of various levels
constant the effects of changing the story heights from H=3.66 m to 2H
have been, studied for pm=360 my/s, 1750m/s and 3500 m/s with Bmax
fixed 3500 m/s (see Leé®e and Trifunac, 1987). The expected and the
most probable of maximum translational responsge ' have been also
evaluated for excitation by only the translational component SOOE
of the E1 Centro Earthquake. [n these calculations, the rocking spectra
have been evaluated spectra  from the spectra of vertical
component of the earthquake (see equations (1), (2) and (3) ). The results
are given in Tables 1 through 6. Tt is found that the contribution of rocking
excitation increases as the story height are increased and with {w} kept fixed
Assuming that the mimimum shear wave velocity acenrs in the top layer, it
can be coucluded that the coniribution of rocking excitation is more signifi-

- -cant for tail (but stiff) buildings of soft ground. Tables 1 through 6 provide
8 quantitative idea about this contribution, for the simple three story example

~ structure,
\\
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CONCLUSIONS

From the combined translational and rocking repsonse analysis of the
simple example structure, it is found that the rocking excitations may cause
increase in maximum lateral disptacement, shear force and bending moment
responses. The contribution of rocking can increase with increasing the
height of the structure (while keeping its natural frequencies fixed). How-
ever, the contribution of the rocking may also diminish with increasing the
height of the structure because the amplitude of the rotational spectrum
decreases like I/T, as the natural psriod of the structure, T,, increases (e,
keeping the story heights fixed and increasing the number of stories) Further
the effects of rocking excitations are more prominant for low values of the
minimum shear wave velocity in the layered medium on which the sfructure
is standing. Thus the contribution to the total response that comes from
rocking will increase with increase of the Bmax/Bmin, total height of structure
story height, and the story stiffness.

Though the above conclusions are not new, the present study provides
a rational mathematical basis, by using statistical theory for response spectrum
superposition, for estimatinb the actual increase in the translational response
at any point of the structure. The method used for ‘generating the spectra
of rocking ground motion in this study is based on physical principles of
wave propagation in layered ground and it take into account the dispursive
nature of seismic waves, which is typically ignored by most of the methods
used for this purpose so far,
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APPENDDIX 1): NOTATION

The following symbols have been used in this work ; |

a r.m.s. amplitude of peaks or the respone

8y parameter ; for i-th story response

8g modified ;for the expacted peak amplitudes



:; {w) transform of u, ground motion

Ay itt element of matrix [A]

[A] - modal transformation matrix

C phase veluegity

[C] damping matrix

Dy maximum dispacement at ith level dus to jtt mode

Ey (w) function. € () for itx story sesponse duse to jtt floor

ED; (w) energy spectrum for displacement response at itk floor

ES; (o) energy spectrum for base shear respense at it2 floor

EM; (w) energy spectrum for overturning moment response

. about it floor

{H} -floor height vector

{n unit column vector

K] stiffness matrix :

My, maximum overturning moment about the it floor
due to jtb mode of vibration

[m] mass matrix ,

Sy maximum shear force response at ith floor due to j*t mode

SDy spectral displacement at jtt modal frequency

SDBr (@) rocking spectral displacement

SD6r rocking spectral displacement at jtb modal frequency

Up. Us, Uz components of ground motion

Xitot relative displacement of itt flaor due to combined trans-
lational and rocking motion of the ground

{Xtot} total relative displacement vector

x ( t) ground acceleration

z {w) mean velua of Z () over the inteval n¥ju;

qj ith mode participation factor -

fa} mode participation vector

aH; j*a mode participation factor for the lateral response due to
ground rocking

Bmin. Prsx minim(:;m and maximum shear wave velocities in the layered

: roun .

[} gritical damping ratio for jth mode

Gr (1) rocking acceleration '

HR (w) transform of 6g (t)

HR (o) maan value of H R(w) over the interval g, @)

{ Ciot } generalized coordinate vector for total Jateral response due to
combined tranglational and rocking motion of the ground

¥ie rotation about axis 3 from axis 1 to 2 (rocking)

{o}

A Note on Compuitng the ........ . of Simple Buildings

madified ;, for the most procable peak amplitudes

circular frequency
modal frequency vector

83
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