COMPUTING PERIODS OF VIBRATION OF MULTISTOREYED BUILDING FRAMES

A. S. Arya*

‘ SYNOPSIS
It is emphasised in this paper that in the dynamlc

anatysis of multlsmreytd buildings, the flexibility of
- girders must be considered along with the stiffness
“columns because assuming the girders rigid may lead to
farge errors in the calculated periods of vibration. A

‘simplified ‘method is suggested for computing the natural -

periods - and the corresponding mode shapes taking the
‘girder flexibility into account.

“INTRODUCTION

Dynamic analysis of any structure subjected to im-

‘pulsive or vibrating forces reyquires the knowledge of
its stiffness and the damping characteristics.  Stiffness

-determines the natural periods of: vibration and the

corresponding mode shapes aimost exclusively since the
effect of damping on natural periods is small and negli-
.gible.
plification factors under forced vibration, The effect is
more pronounced when imposed period of vibration is
close to the-natural period, otherwise when forcing fre-
quency is considerably less or more than the natural
frequency, the effect of damping is small and negligible.
“The amplification of displacement and consequently of
forces produced in the structure depends upon the ratios
of forcing periods to the natural periods and the corres-
ponding mode- shapes. Therefore, determination of
natural periods of vibration of a structure constitutes

Damping has the influence of reducing the am-*

the most important step in the process of its dynamic

analysis.

Mutltistoreyed buildings are very complex structures
from the point of view of structural analysis especially
under horizontal - loads causing sidesway. This fact
alone has resulted in the introduction of a large number
of approximate methods of analysis for sidesway prob-

lems under static loads. Under dynamic loads the
problem is all the more complicated because thé natural
periods of the building are found to be influenced to a
great extent by the method of construction, , floor slabs,
wall panels; partitions, etc.,”which are ‘otherwise assu-
med not to contribute'to the stiffness of the building.
How far they, influence the stiffness and whether such
contribution is of a permanent nature or may be destro-
yed in the very first shock given to the building is not
known. - It has been found (1)t that for existing mul-
tistoreved buildings with steel frames, the measured
fundamental period comes close to that computed by
assuming building floors: ‘to be rigid, that isl having in-
finite moment of iﬁe’rtia as compared with the columns
But for a bare frame or if the contribution to stiffness
of filling material (which is not deéi‘gned to carry forces
due to shocks) is destroyed the stiffness is bound to de-
crease and actual girder stiffness. must be considered for
computing natural periods. Whereas assumption of rigid
girders greatly simplifies the problem of analysis and
much literature exists on this- procedure, consideration
of flexibility of girders complicates the problem because
of conscquent joint rotations. ' But this must be taken
into account since the influence of girder flexibility on
the natural periods is considerabie. For example, for
a particular 19-storey steel-frame building, the funda-
mental period was 1.3 sec. when girders were assumed
rigid hut 3.4 sec. when girder flexibility was considered(2).
Figure (1) further shows the influence of girder flexibility
on the fundamental periods of single bay multistoreyed
frames (1). In the case of actual buildings, where beams
are stiffened by the floor slabs, the ‘margin between the
two assumptions decreases considerably.

From the above discussion it follows that in dyna-
mic computations stiffness properties of beams and.
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1 Numbers in parentheses refer to the list of References at the end of the paper.’
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columns must be taken into account. Where a digital
computer is available, such caiculations may be done
easily. But where such a facility is not present, this
computation involves too much work. it is the aim of
this paper to present a simplified method for calculating
the fundamental period by Rayleigh’s procedure, or- all
the periods and mode shapes if desired by the flexibility
equations.
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METHOD OF ANALYSIS

It has been shown in (3). (4} and (5) that any general
multistoreyed frame can be represented by a modified
frame with single column. The stiffnesses in the single-
column frame‘ are modified in such a wav that for the
horizontal loads producing sideway of the original
frame, the modified frame could be analysed as a non-
sway frame. Thée sidesway deflections and moments in
the modified frame are thus determined in a direct man-
ner. From these, the: moients- in the original frame
are then obtained by moment distribution done on the
original frame. For determining: the time-periods and
corresponding mode shapes, the horizontal -displace-
ments are the only quantities required which can
be obtained from the modified frame itself. Therefore
" no further reference to the original frame is necessary
and hence the simplification. The modified frames
for a few cases are shown in Fig. 2. In case: (a)

a two—column symmetrical frame is shown. The

modified frame has its column twice ‘as stilf as the
individual columns of the original frame and the beams.
are twelve times as stiff as the. corresponding beams.
In this case the equivalence of the modified frame is.
“exact”, The |e~ullinu deformations — slopes and displa-
xmnts—of the modified frame will be exactly equal to
those of the original frame without, any approxlmanon.
In case (b) a frame obtained on the principle of mu]tlo
ples-is shown together with the component one-‘,‘pqy\
franes which may be assumed  to be making it. ,lft_h,c‘
aprlied hoiizontal load is proportionedv in the two com-
ronent frames in the ratlo 1:m, it is easily seen that thc
retations and dnsplaccmems of joints in the two com—
perent one-bay frames will be the some. Thus if the
two aciacent columns of the one-bay frames are com-
kired in onc. neither compatibility. nor equilibrium:is
disturbed.  Therefore, for this frame also the column
stiffness of medified frame is the sum of corresponding
colurnn. stiffnesses of the original frame and - the ‘beam
stiffress of the single column: frame is 12 times the sum
of ¢ al]y corresponding beam stiffnesses. The “equivalence
is again exact since the rotations of ‘all the Jomts at any
floor of such a frame are. exactly equal. Tn case (c) a
general frame is shown with irregular -stiffness and
nontniferm heights in different bays. Tt is well” known
that the joint rotations at any floor of this frame will'in
general be unequal:  If the average vahie of all - such
rotations at any floor is ‘considered, the general’ frame
can be represented by a single column frame stownin
Fig. 2 (e}
an aggregated stiffness of all columns i any. Storey but
the factor.with beam stiffnesses will be’ different from. 12.
A study of large number of frames (3) indicates ‘that a
factor ‘A’ may be used for'the floors' and ‘A’ ” ‘for ‘the
roof. Factors A and A’ are in general different from -2,

In this case also the single coluinn will-have

but near to it.. For certain frames their values may be
taken from Table 1.

If the bases of the coliimns are hinged, the stiﬂ'néss
of single column of the modified frame becomes: zero in.
the bottom “storey as shown in Fig. 2 {d). The modi-
fied frame in cases (c) and (d) is not exactly -equivalent
to the original frame as its joint rotations are approxima-
tely equal to the average of joint rotations at any floor



Computing Periods of Vibration of Multistoreyed Building Frames

Ka K+ iKs @
Ps ’(b' . . \Ea‘ 12 Kh}
L |Ka Ka eKy
Pr | Kug e P | R2Kb2
Kz‘ & sz ‘
P 3 KLI . ._.EL_p. -—-——-‘2|$—-b'
~ N _
K‘ K| 2K|
FR‘MC MODIFIED FRAME:
(a) 5)’MME7R/CAL TWO = COLUMN FRAME
‘. A Kb‘ b! B Pa Koa MKbA» “ Fa 12 (rt Y Kpg
o K .[‘*”‘)K# nKs e K4 mK, iy o 20+ )iy
Py .| Kea ImKpa| Pi, Kea mKyy TP dramenk,.
ST s (Io'_')Ka miy 1Ky ks | Imics mks z(u-»q Ky
& Kba ka_;_ - Pz! Kes mKsz = P 12(m*f)kg,,_
:: Ka (+m) K2 |[m K™ Ka Kai Imi, mks 2(+mk.2
R 5| Ko MK, fl s Kai mky | A (M Ky,
Ky (MG | m K, ki Kifme ek 2 (1+m) 1<,
I mwrivey . 7T Ve cccd 777 NNIYIY ey b casiad

@) FA’AMﬁ.’ O/V THE PRINC/IPLE OF MZ/LT/P/_ES

| Pt L A ‘Sb;‘AZbe,
_ [Sa=ZKy
P A |Ses AT Kua
‘ Sa=XKs
_’l., . = _fg_> Sez = AE Kpa
L Sa =iKﬂ.
b A Se= AT Ky
' :L , Si=EK,
. T

(€). GENERAL FRAME.

&,

h&} A

1

A b

5"0

CLGENERAL FRAME ~HINGED BASE

Fig. 2.—Modified Frames

MODIFIED FRAME
\Sbg’ At kb;

S A

P3 |Se3=ATKsy

S;:’ik;
sz =4£l<bz

Sz:ikl
Sbi= ALKy,

e P#&;Pa*&

67



€8 ' Rulletin of the Indian’ Society of Earthquake Tethnology

of the original frame. Fortunately the effect -of this

approximation on the horizontal displacements of the

frame is small. Therefore, the storey displacements
and hence the periods and mode shapes may be compu-
ted with sufficient accuracy. If values of Aand A’are
assumed according to Table 1, the results are expécted
to lie within 4- 2%.of the exact values.

TABLE 1.
T)}pe of Frame Factor A Factor A’
for for
Fioors Roof
1. Symmetrical two column frames
or frames on principle of Multi-
ples 12.0 12.0
2, Frames approximately asin 1.  11.8 11.8
Irregular two  column frame,
. column ratios on any floor not
to exceed 4 to 1. 11.8 10.8
4. Irregular two column frame with
higher ratios say 10 to 1 of
column stiffnesses on any floor, 9.5 9.5
5. (a) Three column frame with
same beam stiffnesses 11.9 114
(b) Many column frame with
same beam stiffnesses © 120 11.6
6. Four column frame with same ‘
beam stiffness in outer span and
uniform in the interior spans of
all storeys. 11.4 10.5
7. General Frame with 1rregular
beam and column stiffnesses
11.5 11.5.

within ordinary limits.

For finding the moments in the single-column fra-
me, the method of moment distribution is used with the
modification that the carry over factor becomes ‘—1°

instead of + 4. Then from the end moments of the

column, the storey displacements, are determined imme-
diately. The following example will iliustrate the pro-
cedure.

E‘xamplé 1.
To determine the horizontal displacements of
frame shown in Fig. 3 (a)

Fig. 3 (b) shows the modified frame obtained by
%4kmg A and A’ equal to 11.5 as per case 7 of Table-1.
The various steps in the calculation are as follows
(Refer Fig. 3 a).

1. - Distribution factors are determmed as usual.

Factors for column ends only need be written.

2. Initial moments are obtained by multiplying the
storey shears by half of the storey heights that
is, Fhj2. Here anticlockwise moments are
taken negative.

3. Unbaldnced joint moments are distributed and
carried over as usual excepting that the carry-
over factor is" *—1".

4. Column moments are found by summing the
initial; the distributed and carry-over moments.

5. To obtain the relative storey displacements it
was shown in Ref. (5) that the relative displace-
ment /A between the two ends of. a storey may
be found from the following relation:—

Q:SA_ == (Initial end moment)— (3 X sum of distri-

Bhted toments at the ends of the storey)

=— 5" —E (3 x Dist. moments)

Fh .
B .._,__2:: . 3 la
A = 658[ 5 (3 x Dist moments)]( )
where S is the columin stiffness in the story:

,Th‘is explains the calculations of A’s through steps
(5) to (8).

9. The floorwise displacements are obtain~d by
summing up the relative storey displacements starting
from the foundations,

Fig. 3 (d) shows an alternative tabulation in case
only horizontal displaceménts are required as in t me-
period calculation. Here the distributed mements are
ommitted from writing. The carry over momeants are
Written directly since these may be obtzin.d from the
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unbalanced moments in proportion of the distribution
factors and of the same sign as the unbalanced joint
moments. The rciative storey displacements may now

be obtained from the following equation:—

6ES[ Fh +(3, 3 x Carryover momentS)] (2)

FUNDAMENTAL PERIOD

The fundamental time period of a structure may
approximately be determined most easily by -Rayleigh’s
method. In this method it is assumed that the mode
shape is proportional to the deflection curve produced
by a static load at each floor equal to mass times the
acceleration due to gravity. . When. the building vibra-
tes freely in the first mode, the horizontal displacement
Xn at any floor ‘n’ at any time ‘t’ is given by

= CXn'sin pt ‘

where Xj, is the mode shape at floor ‘n’

C is a constant depending upon stiffnesses..

p is the fundamental natural frequency of free
vibrations.

The mode shape is chosen to have the displacement
at the top level Xn equal to 1.

energy of mass my is given by,
T mn (Can)2

and the maxnmum potentlal energy is given’ by

The maximum kinetic

-mn g CXn

Summing up the kmetxc and potential energxes separately

and equating we get _

Yy (CaXo p)t = 2 mgCoXe

where Cg is the value of the constant 6btéined when
horizontal load-of 1g is considered in calculafmg static

deflections, Puttmg P = 2 @/T (where T is the funda-
mental period) and solvmg

Cg “mn Xn? ‘t} '
T =27 2
[ g Smp Xn ] ®)
“Example 2 given below illustrates the procedure of

calculating fundamental period of a bulldmg by Ra

Y-
leigh’s method.

T=2n

Example 2.

The four storeyed frame of 'Fig,'4 has ' the -rélative
stiffnesses as shown. The actual stiffness of beams is
Ko. The floor weights including weights of walls are
4wo, 4wo, 3w, and 2w, respectively. It is required to
determine its fundamental period of vibration.

T T

aem Y ‘{t N
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r

»
e oviyw  whve e M'L'

Fig. 4.

Using vRayleig\h’»s method let us give a horizontal
acceleration of g to the floor masses. Then the horizon-
tal load applied to the frame at first floor level is

— xg = 4w,

Simil‘arly for the other ﬂdors the loads will be 4wy, 3w,
and 2wo. The deflections of floors are computed in
Fig. 5. The modifying factors A and A’ are assumed
12 and 11.6 respectively. h

Using the deflections camputed in Fig. 5, we get
the approximate mode shape given in the last line adjus-
ted. in such a way that the displacement at the topis 1.

~This gives Cg = 13.33wo/EKo

Usihg Equation 3 we get the time period

13.33ws’ 4x.3152+4x 62823 x 8552 +-2x 1T}
¢EK, - 4><.3,15+4><.628+3><.855+2><1

= 6.3 -2
;\/ EKO seconds.

TIME PERIODS AND MODE SHAPES
" To determine all the time periods and mode shapes,
the flexibility or the stiffness equations are used. In
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the present scheme, the flexibility equations are easily
derived by obtaining influence lines of horizontal displa-
cements.  Let Xyr denote the displacement of r*® floor
produced by a unit static load applied at .** floor level.
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If the building is vibrating with a freugency p, the
inertia force applied at the r" floor is m; p’xr where
xr denotes the dynamic displacement. Therefore, the
ﬂexipility equation for the n™ floor becomes,

Xn == P2 Emr Xr Xnr

By transposing
(1—p*mn Xur) Xn — p? Z mexr Xnr =0 (4)
n#r

Such equations written for all the floors of a building
give a set of homog:neous simultaneous algebraic equa-
tions in X1 Xz, X3 etC. For a possible non-zero solution,
the determinant of the coefficients of X3, X etc. must
vanish. This condition gives the characteristic equation
for obtaining values of p and hance the mode shapes.
The following example illustrates the prodedure.

Example 3.
All the periods and mode shapes for the frame of
Fig. 4 will now be determined.

To obtain the floor displacements due to unit loads,
we shall use the modified frame method. The calcula- -
tions are shown in Fig. 6. Part (a) shows the modified
frame assuming A = 12 and A’ = 11.6. The calcula-
tions for a unit load at first floor level are shown at
(b). The initial moments for this case are

~Ix 6/2 = —3.00 tm.

"The calculation of deflections follows the pattern of
Example 1, Fig. 3 (d). The final numerical values of x’s
are to be muitipiied by IJEK, and the results will be in
tonne metre units.

The computations of deflections for unit loads
applied at other floor levels are shown in Figs. 6 (c), (d)
and (e). Since deflections obey the Reciprocal Law, it
must be verified that the computed deflections are reci-
procal. Results in (b), (¢), (d) and (e) satisfy this con-
dition. Now if p is the frequency of vibration of
the building, we get the loads.
4wy 4wo 2. 3w 2 2w, )

Xys X9y — Pp°Xy and — pX
z pXy g P » g PXy g .
acting a+ the first, second, third floors and the roof res-
pectively, Hence the compatibility equation at first
floor may be written as follows :
dwo , 02453 4wy . 0346

X1 TBK, + g PXa EK, +
3w, 0.366 2w0 pix 0.37
g PR OUER, K, g PMER,

2
Let A= z’éf( . Therefore, we get for all the floors

X, ==

a1




and roof the foliowing cquations ; .
(1—0.981n) %, 1.384 x5 1.098) x3-—0.74) x4=0 6
—1.384% %, (1—2.8280) xa—2.463 x5~ 1.688A x,=0
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— 1464N%; —3.284N%, +(1—3.66N)xa— 2.706X%,=0 (iif)
 —1.4800%;—3.376 A%, —4.059\x3+(1 — 4.1462) 2,=0
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Multiplying eqnatioﬁ (ili) by my/m; =3/4 and equa-
tion (iv) by m,/m;=1/2, we shall see that the equations
become symmetrical abotit the main diagonal. Thus re-
arrainging the equations we get
—(1—0.9817)x+1.3840x,4-1.098 x5 +0.74Nx, =0
1.3842%,—(1—2.8282) X, +2.463Ax3+ 1.688A%, =0 1
1 0982%, +2.463 0K, (0.75—2.75\ )8y +2.030%, =0 f )
0.74 7%, -+ 1.688Axg+ 2.030x3— (0.5—2.0730) x,=0 J

The above equations are now in the standard form "~

for determining the eigen values and the eigen modes.
The equations are homogeneohs, simultaneous algebraic
equations and for a possible non-zero solution, the
determinant of the coefficients of x’s must be zero. This

gives a fourth degree characteristic equation in A the .

four roots of which are thz2 eigen values. Knowing the

solving for x,, X3 and x, say by taking x, equal to I,

- This procedure becomes involved as number -of degrees

of freedom increases. In that case, some numerical
method must be used. Many such methods, such as
Rayleigh quotient method, Holzer’s: procedure, ploting
value of determinant against assumed A values, method
of intensification or successive approximations, etc. are
available., In any case, the procedure for obtaining
periods and modes after obtaining the compatibility

. equations is the same as used when the floors are assu-

med rigid and does not involve any new principles. As
such it is left out of consideration here. Just for com-
parison, the following table gives the time periods and
modes for the frame under consideration as computed
from above wherein actual girder flexiblility has been
considered and as calculated on the assumption of rigid

eigen values the corresponding modes may the deter- floors.
mined by substituting for A in the obove equations and
TABLE ‘ g
Rayleighs’ method Actual Stiffnesses Girders taken Rigid
' 2nd “3rd  4th Ist  2nd ~ 3rd = 4th
Ist mode mode mode mode mode mode mode  mode mode
Period X -E"% sec. » 63 631 222 123 0.687| 3.44 156 096 0715
. .
" Mode  x, | 318 373 —3.06 090 —019 | 2.67 —2.44 ° 0.66 —0.23
Shape. = X, k 272 2.96 033 0.72 010} 2.06 024 —1.25 +0.99
B 7 2.00 2,12 182 —1.90 —0.39| 159 107  0.07 —1.39
X1 1.00 100 1.00 1.00| 100 1.00 1.00 1.00
CONCLUSION No. EM 4 Aug. 1963

Time periods and mode shapes of multistoreyed
buildings are appreciably different when | fiexibility of
flour is neglected by assuming them rigid as compared
with columns and when it is taken into account. Hence

actual stiffness of members should be considered for

dynamic calcutations. Such computations may be carrjed
out with sufficient accuracy without spending too much
Jabour and time by using the method suggested in the
paper. =
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